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Abstract

We calculate the leading-order term of the solution of the focusing nonlinear
(cubic) Schrodinger equation (NLS) in the semiclassical limit for a certain one-
parameter family of initial conditions. This family contains both solitons and
pure radiation. In the pure radiation case, our result is valid for all times ¢ > 0.
We utilize the Riemann-Hilbert problem formulation of the inverse scattering
problem to obtain the leading-order term of the solution. Error estimates are
provided. (© 2004 Wiley Periodicals, Inc.

1 Introduction

We study the semiclassical limit of the focusing nonlinear Schrédinger equa-
tion (NLS)

. g?
(1.1) ieq; + (E)q” +1q1°g =0,
subject to a one-parameter family of initial conditions
(12) q(x,0,8) = A(x)e "

with A(x) = —sechx, §' = —utanhx, S(0) = 0, where & > 0. The initial value
problem for the cubic NLS equation with decaying initial data was solved in [40]
through the introduction of an appropriate Lax pair. The semiclassical problem
(i.e., small €) has been the object of research in the last 20 years, the traditional in-
sight being that the modulational instability [18] would lead to a seemingly chaotic
type of behavior. Recent numerical studies [4, 29], however, have indicated that a
great amount of order may persist as the system evolves.

The first analytic breakthrough [24], using initial data (1.2) with u = 0 for
which the scattering data were known [31], provided insights into the observed
structures including formulae for the short-time evolution of the initial data and for
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the passage through a first break at some point (x, #) assuming that such a break
exists. One of the assumptions is that ¢ takes a sequence of values for which the
problem has only pure soliton solutions. The singular passage from the pure soliton
scattering problem to a limiting continuum Riemann-Hilbert problem (RHP) with
contour coinciding with the arc of the soliton poles was established rigorously
in [28].

In the present study we prove the existence of observed waveforms and provide
the leading behavior of the solution when p > 0, in both the pure radiation case
(globally in time) and the radiation/soliton case (up to the second break). We be-
lieve that our results extend naturally to the case u = 0. The scattering data of our
one-parameter family of initial data (1.2) was derived explicitly in [33], in which
the Zakharov-Shabat eigenvalue problem is solved explicitly in terms of hyperge-
ometric functions.

Our analysis utilizes the “steepest descent" approach [15, 16] and its essen-
tial extension [14] (see also [13]), which introduced a systematic mechanism for
deriving the g-function (introduced in [16]) allowing the treatment of fully non-
linear waveforms. The method has been applied in a variety of problems; see
[8,9, 10, 11]. We treat the case of the one-parameter family of initial data with a
procedure that is appropriate for the study of a wide family of scattering data with
certain global analytic properties.

Compared to the initial value problem for the small dispersion Korteweg—
de Vries (KdV) equation,

(1.3) Uy — Uy + gy =0, u(x,0) =up(x), &—0,

our initial value problem for the semiclassical focusing NLS equation displays
great similarity. We prove that fully nonlinear oscillations in the small (O (¢))
spatial and temporal scale emerge. As in KdV, they consist of modulated waves
described in terms of theta functions with the number of wave phases independent
of e. The essential difference from KdV is the modulational instability [18] of
these NLS waves. As a result of the modulational instability, the absence of some
global analyticity property in the scattering data is expected to break the order in
the wave structures of the solution.

The weak small-dispersion KdV limit was first calculated in the pure soliton
case [25], where the number of solitons N is equal to the number of eigenvalues
of the corresponding Schrodinger operator and N ~ O(1/¢), ¢ — 0. The solution
of KdV is given in terms of the N x N Kay-Moses determinant det(/ 4+ K), a
simpler form of the Dyson determinant [5] that applies to pure soliton solutions.
It expands [25] into the Fredholm sum ) ¢ det K of positive determinants with §
ranging over all subsets of the set {1, 2, ..., N} of eigenvalue indices, where K
is the determinant that arises from K when all rows and columns indexed by an
element of S are discarded. It is shown in [25] that the largest term of the sum
produces the weak limit as ¢ — 0; the maximizing subset S* is calculated in its
continuum limit through a variational principle. More precisely, since each index
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corresponds to an eigenvalue of the associated Schrodinger operator, the limit of
the maximizer is calculated as a semiclassical density of states constrained not to
exceed the full semiclassical density of states of the initial data.

Subsequent to [25], the weak limit for the pure radiation, small-dispersion KdV
case was calculated in [36]. The Dyson determinant has a different type of kernel
in this case, and the problem is not directly reducible to the [25] case. The periodic
case was solved in [37]. Two more systems have been calculated in the small-
dispersion limit following the general approach of [25]: the defocusing nonlinear
Schrodinger equation in [23] and the Toda lattice in [12].

A similar type of calculation is also used in [7], where the analyticity of a
certain potential (this would be the scattering data in the language of our present
problem) is shown to lead to a finite number of intervals forming the support of the
maximizing density. The first rigorous construction of the support was obtained
for KdV in [32] (see also [22] for the latest result) through the analysis of the
associated Whitham system. Since our approach is different, we will not go into
the large literature on this subject.

In all these studies the limit is weak; in other words, the nonlinear oscillations
in the solution are averaged out. The Lax-Levermore procedure was strengthened
in [38] (see also [35]) to provide the strong small-dispersion limit, or more pre-
cisely, the leading asymptotic behavior of the solution of the above KdV initial
value problem as ¢ — 0. The result was obtained by complementing the formula-
tion in [25] with a quantum condition that forces the number of eigenvalues over
each connected component of the support of maximizing density of states to be
an integer. The Lax-Levermore maximizing density ¥* (the equilibrium measure
is ¥*(z)dz) then requires the higher-order correction ¥* + e with the condition
[+ ey = integer x & over each connected component of the support of ¥*.
The variational problem of [25] with the quantum condition has multiple solutions
¥ = ¥, labeled by the multi-integer « (an integer corresponding to each com-
ponent of the support). Each v, contributes to the limiting determinant. Putting
together these contributions, we obtain directly the standard expansion of the theta
function that describes the asymptotic waveform. This procedure was carried out
for the Toda shock problem in [39].

In all these studies, the asymptotic analysis was carried out on the Gelfand-
Levitan-Marchenko-Dyson procedure for solving the inverse scattering problem
[5, 20, 26, 27]. On the other hand, the steepest-descent method, used here, applies
to the formulation of inverse scattering as a Riemann-Hilbert problem (RHP), an
approach initiated in [30]. A matrix m(z) constructed of solutions of the associ-
ated linear Zakharov-Shabat eigenvalue system (the first operator of the Lax pair)
depends analytically on the spectral variable z at all points of the closed complex
plane except on an oriented contour on which it experiences a jump, m, = m_V.
The 2 x 2 jump matrix V (z) (in both KdV and NLS cases) is expressed in terms
of the scattering data, and its time evolution is very simple and explicit. The RHP
consists in deriving m(z) from V (z).
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The linear eigenvalue problem corresponding to the integration of NLS

(1.4) isW/=(§ q)w,
q —z

where g = ¢ (x, 0, ¢) is referred to as a potential and z € C is a spectral parameter,
was studied in [33]. In this paper the scattering coefficients a and b (see [40]) and
the reflection coefficient r ¥’ (z) = b(z)/a(z), corresponding to (1.4), were found
as products of gamma functions:

_ rw)rlw —wy —w-)

a(z) = ,
(1.5) 'w—-—w)lH'(w—w-)
b = ey T — vt 0 +u)
F'(w )l (w-) '
and
D) = @
(1.6) a(@)
i rl—w+w; +w)'(w—w)M'(w —w_)
- Fw )T (w )T (w — wy —w) :
where
_ K _ip_p L
(1.7) w+__g(T+§)’ wi_e(T 2)’ w= Zs M28+2’
and
2
=% 1
4

In the theory of inverse scattering, the coefficient a(z) is defined in the upper z
half-plane while b(z) and the reflection coefficient are defined on the real z-axis.
In the case 0 < u < 2 the eigenvalue problem (1.4) contains points of discrete
spectrum (zeros of a(z)) at zx = T — ie(k — %) with the corresponding norming
constants

b(zx)
1.8 O _ 2k
(18 “T @

Here k €¢ Nand k < % + ‘gﬂ Because of the Schwarz reflection symmetry of
the problem, it is sufficient to specify the discrete spectrum in the upper half-plane
only.

The main purpose of this study is to calculate the leading-order term g (x, ¢, €)
(with respect to €) of g(x, , €). The time evolution of the scattering data [40] is
very simple and explicit (see below); thus, the calculation of the evolution of the
initial value problem (1.1)—(1.2) essentially consists of solving the inverse scatter-
ing problem (ISP), i.e., of reconstructing the potential g = g(x, ¢, €) in (1.4) from
the explicitly available scattering data at the time ¢. In this paper the ISP is formu-
lated as a (multiplicative) matrix Riemann-Hilbert problem (RHP) on the complex
plane of the spectral variable z. We approximate the RHP with some model RHP

= Res,—,, r© (2).
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that has an explicit solution go(x, ¢, ¢). We then show that this go(x, t, ¢) is a
leading asymptotic expression for the solution of the problem in which our initial
scattering data are replaced by its Stirling approximation. The tools developed in
this paper are in many cases sufficient for the calculation of the higher-order terms;
however, we have not included such calculations.

For any given pair (x, t), our procedure reduces the construction of gy(x, ¢, €) to
the solution of the model RHP on a contour that consists of 2N + 1 arcs {y;,, j}jv:_ N
(we refer to them as “main arcs”) interlaced with 2N “complementary arcs” {y., ;},
j = £1,x2,..., N (see Figure 2.3). The arcs, as well as their endpoints
aj = aj +1ibj, j = 0,1,...,4N + 1, depend on x and ¢ but not on ¢&. On
each of these arcs, whose determination is an important part of our procedure, the
2 x 2 jump matrix of the model RHP is constant with respect to z, but depends on
the parameters x, ¢, and &. A major ingredient of the solution to the model RHP
is the radical R(z; x,t) = ]_[jigr ! V/(z — a;) with branch cuts along the main arcs,
as well as the associated two-sheeted Riemann surface R(x, t). The solution of
the model RHP is obtained explicitly through the dual basis of holomorphic dif-
ferentials w of R(x,t) and the corresponding Riemann theta function 0 (u); see
Section 7. In a sense, we study the evolution of ¢ (x, ¢, &) through the evolution
of R(x, t), which identifies gy(x, ¢, €) in a neighborhood of (x, t) as an N-phase
NLS solution. The genus 2N, N =0, 1, ..., of R(x, t) is physically important as
it specifies the number of oscillatory phases of the solution. By a mild abuse of ter-
minology we call it “the genus of the solution g (x, ¢, €)”” or simply “the genus.” A
line on the (x, r)—plane separating regions of different genus is called a “breaking
curve.”

The main result of the paper, stated below, refers to the case © > 0, x > 0,
t > 0. We have realized our above procedure in a rigorous sense in the cases of
genus 0 and 2 (due to a reflection symmetry with respect to the real axis, the genus
mustbe evenand v, ; = Vi —js Ve j = Vemjo J = 1,2, 0.y N, Vo = Ymoo0)- It
follows from (1.1)—(1.2) that the solution g (x, ¢, €) is an even function in x for all
t. Our main theorem provides exact expressions for go(x, ¢, ) through the branch
points «;(x, ), the Riemann theta function 6, and holomorphic differentials w,
associated with the basic cycles of the Riemann surface R (x, ¢), and real quantities
Wi(x, 1), Q2i(x,t),i =1,2,..., N. In the genus 0 case, an explicit expression for
a9 = a + ib is provided by (4.27)—(4.28), whereas in general the branch points
a;(x, t) are determined through the system of moment (3.5) and integral conditions
(3.9), and the quantities W; = W;(x, t) and ©; = Q;(x, ) are determined by (3.8).
The expression for gy(x, ¢, €) becomes somewhat simpler if we consider the theta
function 6 and holomorphic differentials w, associated with the basic cycles of
the Riemann surface 7é(x, t) (Figure 8.2) that consists of 2N + 1 vertical cuts
v; connecting the corresponding (complex-conjugated) endpoints of the main arcs
Ym,;j and Vo, js j=0,1,..., N;see Section 8. In the expression for the genus 2N
solution (Section 8; also the main theorem with N = 1) the notation W stands for
the R?N vector (W_y, ..., W_1, Wi, ..., WN)T with W_; = W;, as well as for the
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FIGURE 1.1. Riemann surface R(x, t).

piecewise constant scalar function on y,, = |J; yi.; that takes the value W; on the
arc y,,; and the value Wy = 0 on the arc y,, o. Similarly, 2 denotes the RN vector
Q_y,...,Q21,2q,...,2y) with Q_; = Q;, as well as the piecewise constant
function that takes the value €2; on the arc y, ;.

THEOREM 1.1 (Main Theorem) There exists a breaking curve t = ty(x), x € R,
with the following properties:

(1) The genus of the solution qo(x,t, €) is zero below the curve, i.e., in the
region 0 <t < to(x).

(ii) In the solitonless (pure radiation) case u > 2, the solution in the entire
region above the breaking curve has genus exactly 2. In the case that includes
solitons, i.e., 1 < 2, there exists some function t;(x), x € R, tp(x) < t;(x) < 00,
such that the genus equals 2 in the region ty(x) <t < ty(x); see Figure 1.2.

(iii) The breaking curve is an even function, smooth and monotonically increas-
ing for x > 0 with the asymptotic behavior ty(x) ~ % as x — —+oo and

2
fh(x) = m + 2/ +2tan Zx + o(x) as x — 0F.
(iv) In the genus 0 region (0 <t < to(x)),

(1.9) Go(x, 1, &) = Sag(x, 1)e 3¢ Jo Naols.n)ds
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(v) In the genus 2 (i.e., N = 1) region (to(x) <t < t1(x)),

26(0)6(d)) (1(00) + <& + d))6 (u(o0) + 2
6/(1(00))0 ((00) + d)O(E + dp)o (L)
2 a
x [Z(—l)ji”sozzj iy 1 (00 F 5 + A6 (c0) .wO}
j=0 0 (u(00) + d1)0(u(00) + 5=

(0) Tty 2
2 fo O+ Tetxf+2ATTHW Q .2 .
x eﬁ(fym ) i+, g5 de+ing)

(1.10) qo(x,t,¢e) =

’

where y,, and y. denote the union of all main and all complementary arcs, re-
spectively; the theta functions and the basic holomorphic differentials w, dual
to A-cycles, are associated with the hyperelliptic Riemann surface R(x,1) (see
Figures 8.2 and 8.3), and the vector o € C? is the leading coefficient of w;
u@) = [fo Q= =W, & = —2(W+Q), d = 5(1. DT £ () is the
leading-order term ofé Inr©®Gz)ase — 0;and R(z) = l_[js-zo V(2 — «j), and the
branch R, (z) — —2z° as z — o0o. The real constants W and Q2 are determined
through (3.8), where W = W, and Q2 = 2. The value Wy of W on Y, is 0.

If, additionally, we assume that the function A(z) — A~'(z), where A(2) is ex-
pressed through the endpoints of the vertical cuts V; of R(x,1) as

. _[@—aw@—aa@—aor
(Z) - )
(z—a)(z—a)(z —as)

has two distinct zeros z| and z, then the expression for qo(x, t, €) can be written
as

0(u(00) + £ — d)0 (u(o0) + d)
6(u(00) — 2 +d)8(u(c0) — d)

(L1.11) go(x,t, &) =

(0) pid 2 2
2 13 @O+ Setae 4w, Q .2 ) )
X e (fl/m R4(¢) ¢ d§+f3/c R(I)C d§+IJTQ) E (_1)]\‘\50[] .

Jj=0
Xa(z1) X2(z2)
d == _/ w)] — / 0)2 ’
(6%} o5

where X,(z) is the preimage of z on the second sheet of the hyperelliptic surface
R(x,1). Similar to (1.10), an expression for qo(x,t, €) through theta functions,
associated with the Riemann surface R(x, t), can be found in (1.13) below. The
formulae (1.10), (1.11), and (1.13) can be extended to genus 2N regions in the
(x, t)-plane; see Theorem 8.1, Theorem 8.2, and Theorem 7.1, respectively.

Here

(vi) The accuracy of the above leading-term approximations is given by

(112) |Q(x,f,5)—¢]0(x,f,8)|=0(8),
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Pure radiation case Soliton case

FIGURE 1.2. Different genus regions in the (x, t)—plane; linear behav-
iorasx — 0T, x — oo.

locally uniformly in x and t away from the breaking curve.

Comments.

e The theorem is proven for the initial potential, which slightly differs from
(1.2). Namely, we replace the initial reflection coefficient

r(O)(Z) = exp (_%f(@(@)

for the ISP by
T
réo)(z)zexp< (f(o)( )+§8)) onz € R,

where f©(z) has asymptotic expansion in & with the two leading terms

(0) (z) + Fe. Corollary 4.8 below shows that the initial potential, corre-
spondmg to o )(z) coincides with (1.2) up to O(e). However, the general
question of the stability of solutions to (1.1) with respect to small varia-
tions of initial data is a delicate problem that will not be considered in the

paper.

e In the case u < 2, regions of genus greater than 2 above the breaking
curve may exist. The study of this case remains in the focus of our ongoing
research.

e Another expression for gy (x, t, €) in the genus 2 region is given by

6(0)0(d)0(00) + 2 4 dy)o(u(oo) + )
e(u(oo))e(u(oo) +d)OL +d)odh)

X |:3 Z(OMJ' —4j-2)

0(u(o0) + 7 W1 d)6(u(o0)) wo]
6 (u(00) +d1)f(u(o0) + W)

0)
2 (C)+75+x[+2r;
Sy B P ’

qo(x,t, &) =

(1.13)

—iVin

X eé‘ﬂ
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where y,,, and y, denote the union of all main and all complementary arcs,
respectively; theta functions and the basic holomorphic differentials w,
dual to a-cycles «, are associated with the hyperelliptic Riemann sur-
face R(x,t), and the vector @’ € C? is the leading coefficient of w;
u@ = [io; W =-2LW+2[ Qo)d =301, D7 £7@) is the
leading-order term of 5-Inr©®(z) as & — 0; the quadratic polynomial

2 w; 5
P(z) = 2> + Zj::l:l Y j IC€+—?§)¢T£’ where R(z) = ]_[jzo,/(z — o) and
the branch R, (z) — —z> as z — oo. The real constants W and  are
determined through (3.8).

The study is divided into the following sections: an outline of the procedure,
the construction of functions g and 4, prebreak evolution, the breaking curve, the
higher-genus region, the model RHP, and accuracy estimates. Some calculations
and background information can be found in the appendix.

2 Outline of the Procedure
2.1 The Riemann-Hilbert Problem P® for Focusing NLS

The inverse scattering procedure solves NLS via a multiplicative Riemann-Hil-
bert problem (RHP). Generally, such an RHP is set as follows: given an oriented
contour I' C C and a square matrix function V(z) defined on I' and satisfying
IVE| Loy < const, find a matrix function m(z) such that

(1) m is analytic and invertible in C \ T" with continuous boundary values
m4+(z), z € I', obtained by approaching I" from the positive and negative
side, respectively;

(2) m approaches the identity matrix / as z — oo, and

(3) m satisfies the jump condition m, =m_V on .

The matrix V (z) is called the jump matrix. For more details about the RHP, refer
to [6, 41].
We label our RHP P©, the solution matrix m?, and the jump matrix V©:

21) RHPPO :mP @) =mPvO(@), ze2®, m® -1 asz— 0.

Our contour I' = X is the union of R and small circles Cy, k = £1, £2, ..., +n,
encircling each point of discrete spectrum z;. Negative indices correspond to
eigenvalues in the lower half-plane. The real axis has the natural orientation, and
the circles C; have positive (counterclockwise) and negative orientation for pos-
itive and negative k, respectively; see Figure 2.1. The jump matrix V@, which
depends on the parameters x, ¢, and ¢, is given by

2 7 1 0
2.2) V(O):(1 —i—rlrl r) for z real , V(O):< k 1) forz € Cy,

1 2=k
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C3
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-A'L/Z g ;;/2
C
C,
Cs

FIGURE 2.1. Contour @,

Y

where
. ) : )
(23) r = r(Z, X, t) — r(O)(Z)e(ZlXZ+4ltZ )/e , Cp = Cl({O)e(ZIXZk+4”Zk)/8 )

Formulae (2.2) and (2.3) reflect the known time evolution of the spectral data; see
[40]. The evolution of the potential ¢ (x, 0, €), i.e., the solution to the initial value
problem (1.1)—(1.2), is given by

(2.4) qx,t,8) = =2m\"), = -2 lim 2m© ) = Dy,
—>

where (m);; denotes the ij™ entry of the matrix m and m @ = I +m'\” /z+ 0(z™?);
see [6, 41]. We obtain the results of our main theorem by performing a chain of
transformations of the RHP whose effect is to peel off the leading contribution to
the solution of NLS leading to the problem P©™ (“err” stands for error) whose
jump matrix converges uniformly to the identity as ¢ — 0 and whose contribution
to the solution we estimate. We label the transformations P©© — P — p@ _
PO  p@ _ plem

(1) P© — PO js a factorization of the jump matrix and concomitant contour
deformation.

(2) PY — PO replaces the scattering data with its Stirling approximation
and thus redefines the initial value problem. This study solves the redefined
problem. We show that the initial function ¢ (x, 0, &) corresponding to the
redefined data equals the original initial data to leading order.

(3) P@® — P® introduces a phase function g; the requirement that the jump
matrix has certain factorization and decay properties determines g.

4) PP — P@ consists of contour deformations that utilize the above fac-
torization and decay properties; the contour of P™ is the union of two
subcontours; on the first subcontour the jump matrix is piecewise constant
and on the second it converges to the identity as ¢ — 0; the convergence
is uniform outside of the neighborhood of a number of points.
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(5) P® — P peels off the contribution from the first subcontour. P ©™
has a jump matrix that equals I 4+ O (g). We obtain a rigorous estimate for
its solution and its contribution to the solution of NLS.

2.2 Initial Jump Matrix Factorization and Contour Deformation:
The Riemann-Hilbert Problem PV

We factor the jump matrix V©

o _ (1 7\ (1 0
w0

for z < % on the real axis. The point z = % is special. There is an infinite
sequence of nonsoliton poles of r(z) (they are poles of b(z)) situated on the line
Nz = 5. The fact that the two matrix factors are adjoints of each other originates
in the symmetry m® (z)[m©® (Z)]* = I in the inverse NLS scattering problem. Due
to this symmetry, it is sufficient to specify the jump matrices only in the upper
half-plane and on the real axis.

We perform the following transformations:

e The functions r and 7 are defined on the real axis and have analytic contin-
uations into the complex plane except the points where they have poles. We
will utilize the extension of r to the upper half-plane (left of the contour)
and of 7 to the lower half-plane (right of the contour).

e By the rules of contour deformation, the right factor of the jump matrix
V© develops its own contour that splits off to the left of the half-axis
(—00, §) into the upper half-plane; by symmetry, the left factor splits off
to the right, into the lower half-plane. We label the two contours X~ and
%7, respectively, and we label their union X.

e We let the deforming contours pass through all the points of discrete spec-
trum z; in the upper half-plane and through all the corresponding points
in the lower half-plane, eliminating the circular contours C; around indi-
vidual eigenvalues z; in the process. The elimination occurs because the
difference of the jump matrix on each circle from the jump matrix of the
deforming contour has an analytic continuation inside the circle as seen
from (1.8).

e We reverse the contour orientation in X F; thus ¥ starts at —oo, proceeds
through the lower half-plane to 4, and returns to —oo through the upper
half-plane; the effect of the reversal of orientation of £ on its jump matrix
is that it is replaced by its inverse (! ?). With the new contour orientation,
the symmetry between jump matrices in the upper (V1) and lower (V™)
complex half-planes is

(2.6) VoV =1,

Remark (Notation). We use (%) as upper indices to indicate a jump matrix or the
component of a contour on the upper or lower complex half-plane. We use (%) as
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FIGURE 2.2. Contour &,

lower indices to indicate the values of a function along the left (4) or right (—)
side of the contour.

We come to the RHP P, equivalent to RHP PO with contour TP = ¥ U
{zeR:z> %}, Y. oriented counterclockwise, and {z € R : z > %} oriented from
left to right; see Figure 2.2.

o ruppo: |mU@MY @ =1 2¢O M0 o Tasz oo,
. : mg}) _ m(_l)V(l), z e E(l),

with

Y forzext
(2.8) v =L forze -

174 forz > 5,
where by r = r(z) on ¥* we mean the analytic continuation of the function
r(z, x, t, €) from the half-axis (—oo, £) into the upper complex half-plane.

Remark (Symmetry). The contours X of all RHP considered henceforth satisfy the
condition ¥~ = X+, the jump matrices V satisfy the symmetry condition (2.6),
V=V = I, and the solution matrices m satisfy the symmetry condition (2.7),
m(z)m*(z) = I, when z is off the contour.

2.3 Modification of the Initial Value Problem: Replacement of the Ini-
tial Data by Its Leading Asymptotic, the Riemann-Hilbert Prob-
lem P®

The asymptotic analysis of the function r(z, &) = r(z, €; x, t) is carried out
in detail in the appendix. The main tool is Stirling’s formula for the asymptotic
evaluation of the gamma functions. We obtain

2 ¢
e~z f@e) when z <

- —
Lo mit-D)  whenz s & 560

2.9) r(z, &) ~

[STESESTES
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with
im z+T
f(z,e;x,t)=(%—z)[7+ln(%—z)}+ 5 InG+1)
-T T
(2.10) + < Inz—T)—-T tanh™' ——
2 w/2

2 M T ~
—xz —2t7 +§ln2—|—58 when Jz > 0,

where positive values have real logarithms and f = f(z, €; x, t) is analytic in the
upper complex half-plane (minus the imaginary segment [0, 7] when i < 2). The
function f is defined on the open lower complex half-plane by Schwarz reflection.

Our approach, henceforth, is that we redefine the initial data to have a reflection
coefficient given by the right-hand side of (2.9). Corollary 4.8 shows that the new
initial data agree to the order O (¢) with the original initial data ¢ (x, 0, ) ase — 0.

The RHP P, still on contour £® = % resulting from the above approxi-
mation, is

(2.11) RHP P? : m® =mPv®, m— ((1) (1)) as z — 00,

where
1

0 1z
12) Vv@= (_e_zl.f(z)/s 1) forzex, V&=V forz>2
2.4 The g-Function Mechanism: The Riemann-Hilbert Problem P®

The goal of this step is to transform the RHP P® to a RHP with a jump matrix
that is piecewise constant in z in the limit ¢ — 0. We introduce

%g(z)
(2.13) m® =m® (e 0 ) ,

0 e—%g(z)

where the analytic in C \ >, complex-valued function g(z; x, ¢) is to be deter-
mined.

Preserving the symmetry m® (z)m® (z)* = I translates directly to the require-
ment of Schwarz reflection invariance g(z) = g(z) of g.

The RHP P® on the contour £ = @ = ¥ M jg

2i
RHP P® :mY = mPvO® | m®(c0) = e7807

(2.14) 1 0
where 03 = 0 —1)°

2ig,
V(3)| _ es.,(g+ §-) . 0
west T\ Lot gt o Fler—s) |

(2.15) )
a+ 6787’,‘(17%))6%(&*&) 0
o) = :

e Tt s (88
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FIGURE 2.3. Main and complementary arcs.

The eventual asymptotic reduction of this matrix to a piecewise constant matrix is
achieved through two types of factorization given by the formulae

a 0 1 —ab™! 0 b! 1 —a'p!
(2.16) <—b al):(o 1 )(—b o)(o 1 )

and

a 0 1 0\(a O a 0 L0
(217) <—b a_l) = (—a_lb 1) (0 a—l) = (0 a—1> <—Clb 1) s

where a and b are the (11) and (21) elements of the jump matrix. The strategy
is to define on the contour X a set of main arcs (full lines, Figure 2.3) and a set
of interlacing complementary arcs (dashed line) and apply the first factorization
to the former and the second to the latter. To achieve an asymptotically piecewise
constant jump matrix, we require on the upper half-plane

. b~' - 0  right of contour
on main arcs: b = const, _
a 'b™" — 0 left of contour

(2.18)

eithera='b — 0 right of contour
on complementary arcs: a = const,
orab— 0 left of contour.

Inserting what a and b stand for into the jump matrix for 3, we obtain directly

i S(2g- — f) <0 right of contour
onmainarcs: gy +g_ — f =W,
I(2gyr — f) <0 left of contour
(2.19) on complementary arcs: gy — g_ = €2,
[either JI(2g- — f) > 0 right of contour

or32gy — f) >0 left of contour,

where W and 2 are real constants (independent of z but dependent on x and ¢). Of
course, W may take on different values on different main arcs and the analogous
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statement is true for 2. We require the reality of W and 2 so that the jump ma-
trix V® remains bounded when & approaches zero. The above relations suggest
introducing the function

(2.20) h(z) =2g(2) — f(2)
that is analytic in the intersections of the domains of analyticity of g and f. Then

Sh_ <0 right of cont
on main arcs: hy +h_ =2W, V- = right of contour
Shy < 0 left of contour

(2.21) on complementary arcs: hy —h_ = 2Q,

either IA_ > 0 right of contour
or Jhy >0 left of contour.

We will return to these relations after we have made a precise definition of the
partitioning of the contour. This partitioning includes an arc to infinity defined
below, on which factorization (2.17) and conditions (2.21) apply, and in addition
Q = 0. Although we do not label this arc as complementary, it does behave as a
complementary arc with Q = 0.

In the upper complex half-plane, we postulate a finite sequence of points, «,

ay, ..., ayy, that partition T, the upper half-plane part of contour X, to a set of
arcs (see Figure 2.3)
(2.22) Tt = (5. @), (a0, @), (a2, ), ..., (@4, —00).

We define the set of main arcs and interlace with them the set of complementary
arcs and the arc to infinity as follows:

main arcs: ¥, = (4, 20) U (@2, a4) U+ - U (aan—2, atan)
(2.23) complementary arcs: y. = (o, o2) U (tg, ag) U -+ - U (0lay—4, 0tan—2)
arc to infinity: v} = (auy, —00).

We label the N + 1 main arcs yﬂto = (%, oy), ..., ynJ{’N = (a4n_2, aqn); We
label the N complementary arcs ;| = (o, @2), ..., V,y = (un—4, day—2). We
also label the union of the main and complementary arcs in the upper half-plane,

(2.24) yr=y Uy, hence TT=ypTUyl.

The complex conjugates of the points o, are labeled ooy = o, K = 0,1,
..., 2N; replacing the upper plus by a minus in any of the above arcs indicates the
complex conjugates of that arc; finally, the absence of a plus or minus indicates the
union of the two, e.g., 7 = yT U 77. All arcs of the upper and lower half-planes
inherit the orientation of X. (The arcs y,, ; and y,; coincide with the arcs y,, —;
and y. _jonFigure 1.1, j =1,2,...,N.)

On the main arcs, the reality of W and the fact that Ik must be negative on
both sides imply that 34 = 0. On the complementary arcs, 3 must be positive
on at least one side. If J4 is positive on both sides of the contour, it is conceivable
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FIGURE 2.4. Signs of JA.

that the contour may be deformed to the boundary of the set {z : Ik (z) > 0} where
again Ik = 0. Our analysis below shows that this is possible on the complementary
arcs, but not possible on the arc to infinity Y. Summarizing this together with
(2.21), we require the following zero behavior and sign structure of 34 on and near
the contour (see Figure 2.4):

(2.25) Sh(z) =0 whenz € 7, Sh(z) >0 whenz €y,
left and right of y,7: Jh(z) < 0,

(2.26) across y,: Jh(z) changes sign,
onyt: h(z) > 0.

On the upper half-plane, in the configuration that achieves the desired sign struc-
ture, we will see that the curve Jh = 0 starts at point 4 on the real axis and follows
the contour 7 to the point ayy (point g in the figure); from there it separates
from the contour and connects to point —4 back on the real axis.

We normalize g (and &) up to a constant by selecting the value of W on the
main arc y,, o to be Wy = 0. Thus, W and 2 now take constant real values W;
and €2; on the intervals y,;: ; and y:i, i =1,...N. We consider W and Q2 as two
N-dimensional real vectors with components W; and €2;,i = 1,...N.

The simplicity of the conditions on % versus the conditions on g is, of course,
balanced by the fact that / has a jump across the real axis equal to the jump of — f,
while g is analytic on R except at 5.

2.5 Topology of the Zero Level Curve of Sh and Genus of gy(x, Z, &)

The topology of the zero level curve of J4 can be determined based on the
following observations:

e All branches of I2 = 0 in the upper complex half-plane begin and end
at either a branch point oy, or on the real axis, or at infinity (in the case
u < 2 they can also originate from the segment [0, T']).
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e As the construction of the function /4 in the following section shows, there
are three branches of 34 = 0 emanating from each simple branch point
oy (see (3.10)).

e On the real axis, 7 = —3J f, since g is required to be real on R. Thus,
direct study of I f shows that I/ has two zeros z = § and z = —5 on the
real axis.

e Atinfinity, the branches of I4 = 0 are asymptotic to the ones of f(z) since
g(z) approaches a real constant as 7 — 0o.

e There cannot be a closed, bounded loop of zero level curve of 3k = 0 if
4 has no singularities, i.e., is harmonic, inside the loop, since this would
imply that £ is identically zero by the maximum modulus theorem.

Based on these observations, we determine that conditions (2.21) can be satis-
fied only in the following cases:

e When t = 0, there is exactly one branch of J f = 0 going to infinity. Thus,
at t = 0, there can be only one branch point. Three branches of 32 = 0
will emanate from it, one going to infinity and two to the points z = 4
and z = —5. Thus there is a curve connecting these two points on which
Sh = 0.

e When ¢ > 0, there are exactly three branches of I f = 0 going to infinity.
This allows either one or three branch points, provided that in the case
i < 2 no zero level curves of Ik emanate from [0, T']. In the case of one
branch point, there will be a branch of 32 = 0 from infinity to infinity
in addition to the branch structure of + = 0. In the case of three simple
branch points, there will be a zero level curve of I connecting § to —4

that passes through all three points. Two of the three zero level curves

emanating from each of the three branch points will lie on on this curve,
while the remaining one will go to infinity. In the pure radiation case p >

2, there cannot be more than three branch points, since this would require

more connections to infinity; thus the genus in the pure radiation case

cannot exceed 2. When p < 2, connections to [0, T'] are possible, so the
question of a bound for the genus of the soliton case remains open at the

moment.
Motivated by the above considerations, we prefer to think in terms of contour
2.27) yt=7tuyd,
with corresponding definitions for y~ and y = y* U y~, where y is a zero

level curve of Ik that connects auy with —%5. Thus, y* connects 5 to —5 and
y = yT Uy~ is aclosed curve. The conditions

(2.28) Sh(z) =0 whenz ey,

left and right of y,}: Sh(z) <0,

2.29
(2:29) across y1 \ y,- =y Uyl . Jh(z) changes sign,
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imply the earlier ones (2.25) and (2.26). Indeed, if the new conditions are satisfied,
Yeon Must have I4 > 0 on its right, because this holds on the upper lip of R to the
left of z = 5. Thus, y,, satisfying the earlier conditions can be defined as a small
deformation of (—o0, — %) U%Yeon- We adopt the new conditions as our requirement.

2.6 Outline of Results on /# and «

The construction of the functions g and 4 is outlined in Section 3. A key el-
ement that enters the expression for g and & and leads to the solution gy(x, t, &)
of NLS is the radical R(z) = 22 a“ 2 /(z — a) with branch cut y,, and the corre-
sponding Riemann surface R(x, ¢t). For each N, we derive a system of nonlinear
equations (3.5) and (3.9)

(2.30) F(a,x,t) = Fy(a,x,t) =0

for the 4N + 2 unknowns @ = (g, &1, ..., C4n+1)-

The evolution and degeneracy theorems (see below) are our main tools to keep
track of the time evolution of the Riemann surface R(x, t) associated with the
solution. The solution theorem describes sufficient conditions that allow us to re-
construct go(x, t, &) through R(x, t).

Prebreak

The main result here is the construction of the function A(z; x, t) (see Sec-
tion 4.2) that satisfies (2.21) with genus 0 (N = 0) when the (x,¢) are in a
space-time region 0 < t < fy(x) < oo. System (2.30) has a single unknown,
ao(x,t) = o = a + ib, in the upper half-plane and reduces to a pair of real equa-
tions from which a and b are found. For all ¢t > 0, there are two solution branches
of these equations. Exactly one of these connects smoothly to the initial (+ = 0)
values of a = a(x, 0) = % tanh x and b = b(x, 0) = sech x. The connecting solu-
tion branch exists uniquely at all times for each x # 0. Breaking for x # 0 occurs
att = fp(x) < oo because of a breakdown of the required sign structure. Atx = 0,
t = m = 19(0), uniqueness is lost when the two branches yield the same «. In
Sections 4.5 and 4.6 we show that for 0 < ¢ < 1, there is a zero level curve of Jh
in the upper half-plane connecting point 5 to point —4, passing through the point
a, and displaying the required sign structure (2.29). This is our contour y*; see
Figure 2.5.

Breaking

Breaking occurs for a topological reason. For x > 0 fixed, and as time, increas-
ing from 0, reaches the value ¢t = #((x), the curve ¥ comes into contact with a
second branch of J# = 0 at a point z. Necessarily 4'(z9) = 0; see Figure 2.6.

As t increases further, the four zero level curves of Jh(z; x, t) = 0 emanating
from zo as a result of the quadratic behavior of 4 at this point interchange con-
nections; a zero 3 level curve connection between points 5 and —5 ceases to
exist.
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FIGURE 2.6. Zero level curves of 3A, breaking point.

The breaking curve t = fy(x) is obtained in principle by eliminating z from
the system of the three real equations Jh(z; x,¢) = 0 and h'(z;x,t) = 0. We
have analytic formulae for the functions i (z, x, t) and h'(z, x, t), yet the above
elimination of z cannot be performed explicitly. We prove the existence of the
breaking curve #y(x) (see Section 5.1), and we calculate explicitly its asymptotic
behavior as x — oo and x — 0T (see Section 5.3).

When the point (x, ¢) is on the breaking curve, the genus O solution breaks
down; the sign structure (2.29) on the part of the contour that connects « to —%
is violated at the zero of 4/, i.e., at zg. A degenerate genus 2 (N = 1) solution is
obtained by identifying the point of contact zy of the two zero level curves of Jh
with a double point zp = @y = ay. As described in Theorem 3.1 below, the function
h, as a degenerate genus 2 solution of the scalar RHP, is identical to function 4 as
a genus 0 solution of the scalar RHP. This extends the region of our solution to
t < to(x).

In the case x = 0, and only in this case, we have higher degeneracy at fy =
m and zo = i/t + 2. Then system (2.30) is satisfied with g = ap = o4 = zp.

Postbreak Local Calculation: (¢ — ;) Small

As discussed above, we can solve (2.30) for genus 2 exactly on the breaking
curve. We now show that we can solve the system for N = 1 in a vicinity of the

breaking curve on either side of it (both pre- and postbreak). We face the difficulty
that the Jacobian ‘3—5 contains all factors of type oy — o; and thus vanishes on the

breaking curve on which oy = «4. To overcome this, we make a change of the
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—u/2 w2

FIGURE 2.7. Zero level curves of Ik, postbreak.

variables o (see Section 6.2, a similar change of variable was made in [24]) so that
the new Jacobian is different from zero in a neighborhood of the breaking curve.
We then use the implicit function theorem to show the local solvability of (2.30)
near the breaking curve for the three unknowns «, o, and o.

The sign of J4 near the subcontour yn:i |» connecting o, and a4, changes as ¢
crosses the value t = #y. This sign cannot satisfy (2.29) in the prebreak region,
for otherwise conditions (2.19) would be satisfied for N = 0 and N = 1 and we
would be able to construct two different asymptotic behaviors for NLS. Thus, this
sign satisfies (2.29) above the breaking curve (postbreak region), and our solution,
now of genus 2, extends locally in a region above the breaking curve. The topology
of zero level curves of J# in the postbreak region is shown in Figure 2.7.

Postbreak Global Calculation

In the prebreak region, « is found implicitly as the solution to some transcen-
dental equations. The leading asymptotic behavior of the solution of NLS in this
region is given in terms of the oy. For u = 2 and u = 0 expressions for ¢ are
explicit (see (4.29)—(4.30)).

By the evolution theorem (Theorem 3.2), the existence of nondegenerate « for
some (x, tp) implies the existence of a nondegenerate « in a neighborhood of
(x0, tp) (if all oy are distinct, then the Jacobian matrix |%| # 0). Studying global
solvability in the postbreak region, i.e., solvability for all (or almost all) (x, ¢) in
that region, includes two crucial elements: (1) existence of a solution to (2.30)
for at least one point (xy, #p) with a nondegenerate «, and (2) control over the de-
generacy of « together with control over new breaks through collision of different
branches of the zero level curve I4 = 0 and through intersection of y with singu-
larities of f(z).

In this paper, we are able to establish the global postbreak solvability of (2.30)
for genus 2 (N = 1) for the solitonless case u > 2 (see Section 6.4) and to produce
the leading asymptotic behavior of the solution of NLS in this region in terms of
the o (see Sections 7 and 8). Global postbreak solvability of (2.30) for genus 2 is
achieved because we have control over the branches of the zero level curve Ik = 0
(its branches can emanate only from the real axis and from infinity); we use this
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FIGURE 2.8. Contour ©®*. The letter d denotes contours with jump
matrix approaching I, whereas a ¢ denote contours with jump matrix
approaching a constant limit.

to show that the genus does not increase from 2, and that the global solvability of
(2.30) implies that conditions (2.19) can be satisfied everywhere above the breaking
curve for N = 1. In the soliton (u < 2) case, we can extend the solvability
of (2.30) and calculate the leading-order term gqo(x, ¢, &) of g(x, ¢, €) above the
breaking curve as long as different branches of I2 = 0 do not collide with each
other or with the segment [0, T'], i.e., as long as the genus is equal to 2. However,
we did not prove solvability for all positive 7, i.e., global solvability, in this case.

2.7 The Riemann-Hilbert Problem P® and the Model Riemann-
Hilbert Problem P ™09

Riemann-Hilbert Problem P©

Following the construction of the function g, we transform RHP P® to RHP
P@ by performing the contour deformations of Figure 2.8.

e On each arc of the contour y,f, the left and right factors of (2.16) split off
on their own contours to the right and left, respectively, leaving us with
three contours, the middle one with the constant jump matrix of the middle

factor
2i
0 e =W
2i
—ee W 0

and the other two converging exponentially to the identity. The conver-
gence is uniform if a neighborhood of the endpoints is excluded. On the
arc (o, &p), we make an extra deformation; the contour of constant jump
is moved to the left of the left contour whose jump matrix thus suffers a
conjugation with the constant jump matrix (_9 J) (recall Wy = 0), but re-
mains exponentially converging to the identity. Finally, the contour near 4
is a subset of the real axis: the lines emanating from & are shown slanted
only to describe the deformation; they lie exactly on the x-axis on some

neighborhood of 4 before leaving the real axis to connect to ag or a;.
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FIGURE 2.9. Contour ™9 = %\ oo = 7.

e On each arc of the contour y.* one of the factors (2.17) with Is on the

diagonal splits off on its own contour on the side where 32 > 0, leaving
us with two contours, this one with a jump that converges to the identity,
and one with the constant jump

e@ O_
0 e_@ )

The convergence is again uniform if neighborhoods of the endpoints are
omitted.

The arc y. that connects ayy to —oo has a jump matrix that converges
exponentially to the identity matrix uniformly outside any neighborhood
of Q4N -

The Model Riemann-Hilbert Problem P™°Y; Genus 2N

In Section 7 we derive an explicit formula for the solution of the model RHP
obtained from P when the jump matrices that converge to the identity as ¢ — 0
are neglected (replaced with the identity). We have

2.31)

RHP P™od) ;700 — oDy med) - hen 7 ¢ pmod

on the contour MY = = ¥\ y,,, which has the usual symmetry (see Fig-
ure 2.9). The piecewise constant jump matrix

(2.32)

2i
0 e W
(—e%w 0 when z € y,f
V(mod) —

eﬁQ 0
( 0 e_%9> when z € T+ \ y -+

is the asymptotic limit of V® as & — 0.
The introduction of g in (2.13) changes the normalization of m®, m™, and
m(mod) to

(2.33)

2i
es 8() 0
m®, m® mmY — ( 0 —2g(x0) asz — 00.
e ¢
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FIGURE 2.10. Contour X @PP),

The model RHP is solved by an explicit formula for any genus in Section 7.

2.8 Solution of NLS with Error Estimate

We derive an error estimate that proves that replacing P® with the model prob-
lem produces the required solution g (x, ¢, &) of NLS. We treat the case of genus 0
(N = 0); the same derivation applies to the case of higher genus. The jump matrix
of the model problem is the limit of the jump matrix V® as ¢ — 0. Ideally, we
would like to set m™® = m©™m ™D 50 it would peel off the solution m ™Y of the
model problem and leave us with an RHP for some m©™; it would represent our
error, for which we would seek an estimate. In reality, the RHP for m©™ is then
too singular at the branch points  and at 5. We note that near these points there is
no uniform convergence V® — [ as e — 0. To overcome this difficulty, we treat
these points specially. Instead of peeling off m ™Y we peel off a modified matrix
m@P) defined in the following way:

(1) m@P) (z) equals the solution of the model problem m ™% (z) outside three
circles, rq,, r'z,» and r, >, centered at the points «p, a, and % respectively,
with radii 28, where ¢ is positive and small but independent of ¢; see Fig-
ure 2.10.

(2) m™®P (z) is a parametrix of V™ inside the circles of ry,, rg,, and |z — 5| =
8; i.e., it satisfies the jump conditions of the RHP P™ inside these circles
exactly.

(3) The jump of m@P)(z) across circles Tag» Tag» and 1,2, i.€., across the real
intervals § < |z — %| < 268, must be of order I 4+ O (&) uniformly.

If the above-mentioned matrix m@P (z) exists, it should satisfy the RHP
p@p) — (V(app), E(app))’ where @) — E(mod)7 y@pp) — ymod) qytside the
three circles r, and X @P) = ¥ @ and V@P) = V@ jnside the circles Tay» Tag» and
|z — 5| = 8; see Figure 2.10.
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FIGURE 2.11. Contour X €™,

Peeling off m@P) through m® = m©m@P) corresponds to the reduction of
the RHP P® to the RHP P©™ = (VM ¥ M) where X is the union of
all solid lines of Figure 2.11. On the circles rq,, r5,, and r,, /> and inside r,,/» with
lz—41 > 8, wehave V™ = I+ O(e). On the rest of £ the jump V™ = V@,

Parametrices for m@P in the neighborhood of the points a and @ satisfy-
ing the above conditions have been constructed through the use of Airy functions;
see [10]. We do not repeat this analysis here. We defer the construction of the
parametrix 7, @P)(z) around the point £ to Section 9 and proceed assuming this
construction has been completed.

The solution of our initial value problem for NLS is

(2.34) g(x,t,8) = =2 lim z(m® () — D12,
7—> 00

the subscripts indicating the (12) matrix entry. Putting together previous reductions
of the RHP P®, we have for |z| large enough

2i 2i
(2.35) m(2)(z) — m(4)(z)e—;g(z)03 — m(m)(z)m(mOd)e_?g(Z)a3 = m(m)(Z)M(Z) ,
2i . .
where M (z) = m™¥e~%8@9%  Ap easy calculation gives

(2.36) g(x,t,e) = =2 lim z(M(z) — I)1» — 2 lim z(m“™(z) — D12,
Z—> 00 Z—> 00

where the first term is our approximation gy(x, f, &) of the solution g(x,t, €) to
(1.1) presented in the main theorem. The estimate for the second term,
(2.37) m™ = lim z(m“™(z) — I) = O(e)
7—>00
uniformly in x and ¢ on compact sets away from breaking curves, is proven in Sec-

tion 9.

Remark. A uniform estimate in the neighborhood of the breaking curve is possible
that gives an error of order O (¢!/?) but is omitted from this study.
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3 Construction of the Functions g and h

Remark (Generality of the Initial Data). The procedure in this section applies to
any f(z) that is analytic and Schwarz reflection invariant along . For the sake of
concrete calculation and precision in stating results, our exposition as well as the
results assume that f(z) is given by (2.10).

3.1 Formulae for g and h

The equalities in (2.19) and their differentiated version, together with the re-
quirement that g(z) be analytic at co, pose a pair of scalar additive RHPs, one for
£(2) and the second one for g’(z) on the still unknown contour y:

gr+g-=f+Wo=/f onyl, gi+g =f ony,,

Bl jg++g-=f+W, ony, . and (g, +g =f ony,,

gr— 8- =% on y; gy —g =0 onyl,
i=1,2,...,N.

We recall the normalization Wy = 0. Our construction of a function g(z) that
satisfies conditions (2.19) begins with the differentiated problem on an arbitrary,
oriented, non-self-intersecting Schwarz-reflection-invariant contour

. I
(32) Yy = (a4N+17 Q4N—-1, ..., 0], Es g, 02, ...y a4N> )
as in Figure 2.3, where the even-indexed oy, are distinct points with Jop, > 0
and oyl = Ok, k = 0,1,...,2N. The contour y intersects R only at the point

£; we assume that it does not pass through the singularities of f(z). In the case
when © < 2, that means that y does not pass through the segment [—7, T'] on the
imaginary axis, which is a branch cut of f(z).

One easily verifies that the jump conditions (3.1) of the differentiated problem
are satisfied by the expression (see [19, 41])

/ R(Z)/ 1) R(Z)% 1)
3.3 = = ,
G 0= fe—oro C-orRO "
where R(z) = 4N+2 (z — ay), and R4 (z) denotes the value of R on the left

and right side of the branch cut y,,; the sign of R is determined by its behavior at
infinity, R(z) ~ —z?N*! as z — oo. The contour y in the second expression is the
union of a loop that starts at z = % — 0, encircles the contour 7+ clockwise, and
closes at z = & + 0 together with its complex conjugate, also oriented clockwise.
We refer to y as the figure 8; see Figure 3.1. The point z is outside the figure 8.
By an application of residue calculus, we find that the function /' = 2g" — f’

is given by the formula

» R(z) 7§ £10)
3.4 ,
©h Y T




902 A. TOVBIS, S. VENAKIDES, AND X. ZHOU

FIGURE 3.1. Contour y.

where now z is inside the figure 8. f’ is Schwarz reflection invariant; hence g’ is
real on R.

The requirement that g(z) be analytic at oo implies that g'(z) ~ O(z72) as
z — oo; the latter is equivalent to the 2N + 2 moment conditions

ISPCS)
R(¢)

(3.5) moment condition M,:

d¢=0, k=0,1,...,2N +1,
7
that we obtain by expanding (¢ — z)~!) in the integral in powers of 77!

Assuming that the points « are chosen so that the moment conditions and hence
the relation g’(z) ~ O(z~2) hold, the primitive function

(3.6) g(x) = / g (2)dz + g(o0)

o0

is analytic, single valued, and Schwarz reflection invariant in C \ 7; hence it is real
on R\ {%}. The constant of integration g(oo) is chosen so that

7

3.7 tz =—,
(B.7) atz=7
is satisfied, guaranteeing that the first jump relation (3.1) holds. The constant jumps
of h, ©;, and W; satisfy the relations

Qiv1 — Q= 5 —h)gt_ =5 [+ W (§) —hL(§)d¢

= 3 WS, Qi1 =0,
Wi = Wiy = 30y +h)les ™ = 3 [0 W (O + R (0)d¢

= 3§ W (©)dg, Wo =0,

g++g-—f=Wy=0, equivalently, hy+h_=0,

(3.8)
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oz

FIGURE 3.2. Contour y.

where i = 1,2,..., N. The contour )?mil encircles the arc ymi)i clockwise; the
contour )?fl is a loop consisting of the union of two oppositely oriented arcs as in
Figure 3.2, where 9,,; = )7,; iUy, and p.; = J?fl U .- (Equivalently, ];Lil may
be taken to be a cycle that closes through the lower sheet of the Riemann surface
of R(z).) We will also use the contour y,, o that encircles y,, o clockwise and has
the shape of the figure 8 with a point of self-contact at 5. We make the following
important observations:

(1) € and W are calculated in terms of /’, that is, in terms of the «.
(2) The required reality of 2 and W is equivalent to the following 2N real
integral conditions:

Im,i : S.ﬁ}‘*’ h/(g)dé- =0
Lei = 3§y W (£)dg =0,
wherei =1,2,..., N.

(3) The reality of 2 and W is equivalent to the relations Jh4(c;) = 0 and
hence to the relations Jh(ap) =0 forallk =0,1,..., N.

Sg)jm h/(f)dC =0

3.9
G2 f, h@)dt =0,

equivalently

The MI Conditions and the Genus

The moment conditions (3.5) and the integral conditions (3.9) compose the sys-
tem F (o, x,t) = Fy(a, x,t) = 0 alluded to earlier, from which the branch points
o = a(x, t) are calculated. We label this system of equations as the M conditions.
Solving the system of the MI conditions is a major part of this work. Another ma-
jor part is the construction (or proof of existence) of a branch y* of Jh(z) = 0 that
starts from z = % passes through all these points, and connects to —% in a way
that the sign structure (2.29) is observed. Possibly, the MI conditions are solvable
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for more than one value of the genus. The correct genus is decided by the existence
of the connection ¥y described above.

Behavior of /(z) near the Branch Points; Degeneracy

Expression (3.4) for i’ indicates that h’(z) equals (z — a)'/? x an analytic
function when z is near ayy; thus, near ay, and for « that satisfy the MI conditions,
we have

(3.10) hi(z) = (Cop)++ (z—a)¥? x analytic function, where J(Cy)s = 0.

Here Cy;+ are constants of integration that can be easily calculated in terms of W
and Q. Let z = 7z be a zero of the integral in (3.4) that equals %' (z0)/ R (z0). If zo
is on the contour y, the following theorem allows us to include it and its complex
conjugate in the chain of the «;’s. If zo is not a branch point, then it is introduced
as a degenerate one with multiplicity 2. The multiplicity of «; is understood as
its multiplicity in the polynomial under the radical of R. If z is a branch point,
then including it raises the multiplicity of the branch point by 2. To maintain the
symmetry we have to treat point z, similarly.

THEOREM 3.1 (Degeneracy Theorem)
(1) Suppose

h'(zo)

3.11
G-Ah R(z0)

=0 (by symmetry, also h (60) = O)
R(zo)
for some point 7y € y. Then we have the following:

(a) Replacing R(z) in (3.4) with R = R(2)(z— 20)(z — Zo) (the multiplici-
ties of zo and zy are thus increased by 2) does not change the functions
W' (z) and h(2), i.e., h'(z; R) = h'(z; R) and h(z; R) = h(z; R).

(b) If the original « satisfy the MI conditions with genus 2N, then the
new o, corresponding to R, also satisfy the MI conditions with genus
2(N +1).

(2) Conversely, if a degenerate @ = (o, A2, . . . 04n+1) With iy = Qo2 = 20
satisfies the MI conditions with genus 2N, then the « that is obtained by
removing the degenerate pair and its complex conjugate satisfies the MI
conditions for genus 2(N — 1). Furthermore, after the removal, h'/R = 0
at the site z of the removed pair.

PROOF: We simplify the notation by writing zo for z¢ in the proof. The proof
of the first statement is based on the identity

1 C1 (6 C3

3.12 = )
©-12) (¢ —2)(& —20)(& — 20) C—Z+§—Zo+§—50
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where
1 1
= ————"—"————_, ) = —
3.13) (z —z0)(z — 20) (zo — 2)(z0 — 20)
’ —1
C3 =

(Zo — 2)(z0 — Z0)
Inserting the expression for R in formula (3.4) for K (z; 15) and utilizing the above
identity, we obtain

s/ D f/(é')
2wih'(z; R) = R —d
TR (Z)/@ DRQ)
R(Z)(Z_ZO)/ @ dc
(3.14) 20 — 20 (¢ —z20)R()
R(Z)(Z—Zo)/ f(©)
T ) coar
=2nwih'(z; R).

The last equality holds because the second and third integrals equal /'(zg)/R(z¢)
and /'(Zp)/ R(Zo), respectively, and vanish by hypothesis. The equality 4 (z; Ié) =
h(z; R) follows, since both satisfy (3.7).

The second statement on the MI conditions is obvious; / does not change; thus,
the behavior at infinity and the jumps remain the same.

In the third statement, removing the pair removes a zero from R; thus #’'/R = 0
at the site of the removed pairs. The second and third integrals in (3.14) vanish. [

If the new R = R still gives /'(z0)/R(z9) = 0, we may again redefine R by
multiplying by the factor (z — z¢)(z — Zp) one more time. We may proceed in this
way until 2’ (z0)/R(z0) # O for all branch points.

Our strategy is to construct the solution of the system MI and the curve y at
¢t = 0 and let the solution evolve.

THEOREM 3.2 (Evolution Theorem) Let o = (o, o0z, 0y, . . ., ctqy) With distinct
oy be a solution of (2.30) with genus 2N at some point (xg, ty). Then

e the solution o(x, t) can be continued uniquely with the same genus into a
neighborhood of (xy, ty), and a(x, t) is a smooth function of x and t,

o W and Q2 are smooth functions of x and t, and

e if the function h(z) = h(z; a(x,t), W(x, t), Q(x, t)) satisfies conditions
(2.29) at (xg, ty), then it also satisfies these conditions in a neighborhood

Of (XO ) tO)

The proof is based on the implicit function theorem and the following expres-

sion for the Jacobian ZF see Section 6.1.
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THEOREM 3.3 (Jacobian) The Jacobian |%—§| is given by

oF
3.15) |—| =
da
2N 2 2N 2N
h' (o) dzi
— o — o e 7j—2 —,
[T |37, | [l = // / fﬂ“ o zc,
j=0 I < R Y <l k=1
Ym,1 Ve, 1 Ym,N Ye,N
where h'(2) is defined by (3.4) and the integral in (3.15) is equal to
dzy dzp dz3 .. dzon
fJ;m,l R(z1) ‘/;;C,l R(z2) f}?m,Z R(z3) f);z:,N R(zan)
21dz; f 22dz) 23dz3 . f 2N d2oN
Ym.1 R(z1) Yen R(z2) Ym,2 R(z3) Yen  R(zan)
(3.16) det . . . .
f Z%N_l dzy f z%N_l dzp f z%N*l dz3 . f z%?,’*l dzan
Yma1  R(z1) Vel R(z2) Ym2  R(z3) YeN  R(zan)

According to Corollary 6.1, the Jacobian |%—§| # 0 as long as all «; are distinct

and %| i—a; 70, =0,1,...,4N + 1. Then the evolution theorem implies that
conditions (2.29) for the given N hold in the process of any (x, ) evolution as long

as

e all o; stay distinct,
e the ratio 4'(z)/R(z) # 0 for any z € y, and
e the contour y stays away from singularities of f(z) in C.

Breaking occurs at some (x, t) at which one of the above conditions is violated.
Generically, it occurs on curves in the (x, t)—plane that we call breaking curves,
across which there is a jump in the genus 2N. A set of « satisfying the first two of
the above conditions is called nondegenerate. Degeneracy can occur as the result of

e a collision between some «; and a singular point of f(z), including points
on R and oo (note that in the latter two cases, «; also collides with &),

e a collision between different «y; in the upper half-plane (and the corre-
sponding complex conjugates in the lower half-plane), and

e acollision between the contour y, which is a zero level curve of J%(z) (see
(2.29)), (2.28), and any other branch of zero level curve of I (z).

Typically, a collision of some neighboring (along y) ay; in the upper half-plane
leads to the decrease of the genus, whereas collision of y with another branch of
the zero level curve of J/4(z) leads to the increase of the genus in accordance with
the degeneracy theorem above. In a sense, these two events can be viewed as time
reverses of each other and can be associated with the disappearance of a pair (or
several pairs) of colliding «’s and the appearance of a new pair (or several pairs) of
a’s at a point zg € Y, such that 4'(z9)/R(z9) = 0, i.e., at the point of collision of
branches of JA(z) = 0.

In the case that we treat, the genus 2N = 2, and we have oy # o, = o4. Note
that the Jacobian |g—§| becomes zero if not all points in « are distinct. To establish
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the evolution through a breaking curve, we will use a reparametrization of the «
that leads to a nonzero Jacobian.

When there are no degeneracies, the function g(z) may be calculated directly
through the formula

R(2) fQO+Ww f £2 )
3.17 = d C—oR.©D)"°
3.17) 8@ = i (y (¢ — DR Q) H% €9k

that expresses the unique LY* solution of the first problem (3.1) that is analytic at
infinity. Of course, this must agree with the definition (3.6) of g(z) as the primitive
of g'(z). Expressing the integrals over the main and complementary arcs (3.17) in
terms of the above loop integrals (see Figure 3.2), we obtain

(z)[?g AC9) dt
(¢ = 2)R()
N

+Z(7§(c— DRE@) ;+?§(§_ )R(;)) C]

i=1
y)ﬂ i

(3.18)

where the paths of integration y, ,,;, and 7, ; are contractible to their correspond-
ing arcs without passing through z; the integrand is nonsingular for every such z.
By deforming y so that now z is inside the loop y and still outside the loops ¥, ;
and 7, ;, we obtain

_RQ £0)
"= o [ ¢ —R(E)

d¢

v
l Wi Q;
RN | — )d¢ |.
+§<7§ €~ DRQ) “]g (;—z)R(:)) ;}
Ym.i Ye,i

To obtain a workable expression for the first integral in these formulae, we deform
the figure 8 contour y as in Figure 6.3.

(3.19)

Note that the formula (3.18) for g allows degeneracies in which main and com-
plementary arcs collapse to points, leading to o with points that are not distinct.
Indeed:

e If the complementary interval yjk collapses to a point, then (3.8) yields
Wi = W;_;, the common value factors out of two terms in (3.18), and
the contours surrounding the two adjacent main arcs in the upper half-
plane can be written as one contour surrounding both. No contour in the
expression of g(z) passes through the point of the collapsed interval, and
the collapsing produces no singularity in the formula.
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e Similarly, if a main arc y"t « collapses to a point, then ; = €1, the com-
mon value factors from two terms in (3.18), and the contours correspond-
ing to the two adjacent complementary arcs can be replaced by a single
one. No contour crosses to the lower sheet at the point of the collapsed
main arc, and the collapse occurs without the appearance of a singularity
in (3.18).

4 Prebreak Evolution

In this section we will obtain the leading-order term of go(x, ¢, €) in the genus 0
region, i.e., in the region between the axis + = 0 and the breaking curve #(x) of
the (x, t)—plane; see Figure 1.2. We focus on finding the function g(z) satisfying
the conditions (2.19) for N = 0. In the case N = 0 the system (2.30) is solved for
all x > 0, and solutions are found explicitly. That allows us to construct g and &
in closed form. We then show that for a given x, the topology of the level curve
Ih = 0 is right (i.e., all conditions (2.19) are satisfied) for all ¢ € [0, ty(x)).

4.1 Equation for the Branch Point ¢y = o
In the case N = 0, equations (2.30) consist of two moment conditions
4.1 g'(c0) =0 and zg’(z)|z=Oo =0

to determine the branch point « = a + ib. In the integral form, these conditions
become

f1(©) ¢f'()
42 d = O’ d — 0’
@2 R (2) ¢ R, (¢) ¢
ym ym
where
f(z,e) = —% —ln(% —z) + %ln(zz— T?) — x —4tz,
4.3)

i z
2f'(z,6) = ——2z—2zIn (E — z) + Eln(z2 — T2) — xz —4t7%.

The aim of this subsection is to show that for any given x > 0 and ¢ > 0, there
exist two different solutions o;(x, ) = a;(x,t) +ibj(x,t), j = 1,2, satisfying
(4.2). There is one special case «1(0, ty) = (0, ty) = ibg, where t; = m and
by = &/ + 2. For a fixed x, the continuous curve a(x, 1) = a(x,t) +ib(x,t) is
referred to as a trajectory of o on C, whereas for a fixed ¢ the continuous curve
a(x, t) is called an isochronic curve on C.

THEOREM 4.1
(1) System (4.2) can be written as
Va—=T)2 +b*+/(a+T)2+ b = pu + 4tb?

[a—T+V@—TP2+0|[a+T +(a+ TP+ ] = b2e2+4o,

(4.4)



SEMICLASSICAL SOLUTIONS TO NLS 909

In the particular case p = 2, the system (4.4) becomes

Va2 +b? =1+ 2tb?
a—+ /a2 +b2 — be(x+4ta)‘

(ii) For any x > 0, t > 0, there exist two different solutions a;(x, 1), j = 1,2,
to (4.4) such that a;(x,t) > 0 and a(x,t) < 0. The only exception is the point
(0, t9), where a1 (0, tg) = a2(0, ty) = ibg. Here ty = m and by = /u+2. In
the limit t — 0, the point oy — 00, whereas a1 (x,0) = %tanhx + i sechx. The

only cases o, that are purely imaginary are the cases x = 0,0 <t < 1.

4.5)

PROOF: The proof of part (i) is given in Appendix C. To prove (ii), we modify
system (4.4) by introducing the auxiliary variables

a+T

-7
(4.6) u=4dta+x, sinhp:aT, sinhq = “—

Then, system (4.4) becomes
=2
(4.7) ptg=2u
cosh p + coshg = £ 4 41b,
which can be immediately transformed into

p+q=2u
ptdth?

(4.8) ;
cosh §(P - q) = 2bcoshu*

Solving now (4.6) for a and T, we get

1
4.9) a= 5(“ + 41b?) tanh u

and

1
(4.10) T = bcoshu\/cosh2 E(p —q)—1= Va2 coth® u — b2 cosh?u .

Thus, we get the system

u=4ta+ x
4.11) a = 3(u + 4tb*) tanh u
2 42 T2
T sini2u coshu”

In the particular case t = 0, the system (4.11) yields u = x,a = 5 tanhx, and b =
sech x, so that the time-zero isochronic curve is the arc of the ellipse connecting
the points % and / in the first quadrant; see Figure 4.3.

Assume now that a(x, t) = 0. Then, according to (4.11), x = u = 0. Substi-
tuting a = 0 into the first equation in (4.4), we get the biquadratic equation

2 2 _ (M 2\?
(4.12) P+ T —<2+2tb) ,
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and, subsequently,

1 —2ut £ /(1 —2ut)? — 1612

B 8¢2 '
At the moment ¢t = 0, the negative branch of (4.13) yields b; = 1, whereas the
positive branch yields b, = oco. As ¢ increases from 0, the (positive) values of b ,
increase or decrease, respectively, according to (4.13), until ¢ reaches the critical
value 7y = m At this point by = by = by = /i + 2. For t > ty, the dis-
criminant in (4.13) becomes negative, so that our assumption a(0, t) = 0 becomes
invalid. (It will be shown later that this is the break point for x = 0.)

Let us now assume that either a < 0 or a > 0. Then the variable # # 0 and has
the same sign as a. If a > 0, then the first equation in (4.11) implies # > x. The
corresponding requirement for u < 0 will be specified below. Such values of u are
called admissible. We want to show that any pair of x > 0 and of admissible u
uniquely determines ¢ and, thus, according to (4.11), uniquely determines a and b.

Solving the first equation in (4.11) for a and eliminating b from the second and
third equations, we obtain the quadratic equation for ¢

(4.14) 16T%¢% tanh? u — 4t sinh® u + (u — x)[sinh2u — (u — x)] =0,

(4.13) b?

which has the solution
% sinh 2u + \/(% sinh2u)? — 4T2(u — x)[sinh2u — (u — x)]

872 tanh u
Let us first show that the discriminant

(4.15) t =

2
D) = (% sinh 2u> — 4T%(u — x)[sinh2u — (u — x)] > 0 forall u € R.

Indeed, D(x) > 0. For any u # x there exists some k € R such that sinh2u =
k(u — x). Substituting this value into D(u), we obtain after some algebra that

2 2
(4.16) D(u)zw[(k_z+3)2+§(1—i)] -0
4 u2 2 12
if w > 2. In the case u < 2 itis clear that D(u) > Oif u > x or u < ugy, where
the value uy < 0 is determined by sinh 2uy = uy — x; see Figure 4.1. In the case
@ = 2 equation (4.14) is linear in ¢.

Let us now show that conditions ¢ > 0 and »*> > 0 require the negative branch
of (4.15) when u > x and the positive branch when u < 0. If © < 2, this
conclusion follows immediately from (4.15). So, let us consider u > 2. If u < 0,
the condition + > 0 requires u < ug. Indeed, the right-hand side of the third
equation (4.11) is nonnegative. Substituting there @ = “z*, we obtain after some
algebra 16T%£% < (u — x)?, where & = ¢ tanhu. Combining this inequality with
(4.14) yields

4.17) 4ut sinh® u < (u — x) sinh 2u .
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A
X

sinh 2u

FIGURE 4.1. Determination of u.

In the case u > x the latter inequality is reduced to
(4.18) 2uE < (u—x).
Substituting ¢ from (4.15) into (4.18), we obtain

7. 2 :
4.19) +pu <§ sinh 2u) — 4T2(u — x)[sinh 2u — (u — x)] <

L 2
_EM sinh2u +4T“(u — x) .

It is easy to see that the right-hand side of (4.19) is negative, so that the positive
branch in (4.15) cannot be a solution. Inequality (4.19) with the negative square
root reduces to the obvious

(4.20) 16(u —x)>>0.

If u > x, itis also easy to see that r > 0.
In the case u < 0, inequality (4.17) becomes

(4.21) 2pE = (u —x),

so that inequality (4.19) changes its sign to the opposite. It is now clear that the
choice of the negative root in (4.19) will lead to the inequality opposite to (4.20),
which is false. The choice of the positive root needs to be justified only in the case
—%/ﬁ sinh2u + 4T?(u — x) > 0. But in this case we again arrive at the obvious
(4.20). Thus, we need to choose the positive branch of (4.14) if u < 0. In this case,
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t(u) ! t(u)

1o X u

FIGURE 4.2. Graph ¢ (u).

the condition ¢ > 0 leads to the requirement u < u. Therefore, any value of u > x
or u < ug is admissible. Thus, we have established the uniqueness of t = () for
any fixed x > 0 and any admissible u.

To complete the proof, it only remains to show that for any given x > 0, ¢t > 0,
orx = 0, t > fy, there exist exactly two corresponding values of u, one positive
and one negative; see Figure 4.2. Equations (4.11) and (4.14) show immediately
that t(x) = t(ugp) = Oand t — oo as u — =oo. Thus, it remains to show that

dt

ug. > 0 for any admissible u.

To this end, let us rewrite (4.14) as
(4.22) 16T2&2 — 2u& sinh 2u + (u — x)[sinh2u — (u — x)] =0,
where & = ¢ tanh . Using implicit differentiation, we obtain
a’_é _ 4pé cosh2u — sinh 2u — 2(u — x)[cosh2u — 1]

(4.23) - .

du 32T2& — 2u sinh 2u
Taking into account Z—i = % tanhu + sz}fzu and (4.22), we obtain after some
algebra

dt
(4.24) 4sinh*u— =
du

4[2uE — (u — x)] sinh? u sinh 2u — [sinh 2u — 2(u — x)]?
1672 — psinh2u '
Note that the numerator is always less than or equal to 0, according to (4.18) and
(4.21), but the denominator is

iZ\/ (% sinh 2u)2 — 4T2(u — x)[sinh 2u — (u — x)],
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according to (4.15). Therefore, uj—; > 0 is proven for all admissible u. The proof

is completed. U

Itis clear that at 1 = 0 we should choose & = «; to match our initial data (1.2);
see Section 4.4 for details. Thus, we must choose @« = «; for the entire genus 0
region.

Note that for a fixed x > 0 the positive value of # monotonically increases
with 7, whereas the negative value of u is monotonically decreasing (if x = 0 it is
required that# > #;). In a sense, u can be considered as a new “time” for the fixed x.
Given a pair (x, t) (we assume ¢t > #y if x = 0), the corresponding values of (a, b)
can be considered, according to (4.11), as the intersection of the two hyperbolas in
the (a, b)—plane given by

4.25) 2ai cothu — pa — (u —x)b> =0

a 2 _ T2

sinh? u ~ cosh?u’

These equations yield

(4.26) [sinh2u — (u — x)]a® — pa sinh® u + (u — x) tanh? uT?> =0,
so that
_ w sinh>u + Q
@27 "~ 2[sinh2u — (u — x)]
_ wsinh’u + V (usinh? u)? — 4T2(u — x)[sinh 2u — (u — x)] tanh® u
B 2[sinh2u — (u — x)]
and
\/2(1 — T2)sinh®u + 272(u — x) tanhu + £ Q
(4.28) b=

sinh2u — (u — x)

are the positive solutions to (4.4) (the corresponding u is positive). Equations
(4.27)—-(4.28) give explicit formulae for o (x, ) in terms of x and u. The ex-
pressions for o, (x, t) require the choice of negative u and different branches of the
square roots.

In the particular case 7 = 0 (i.e., © = 2), expressions

2 sinh? u 2sinhu
a = s == N b}
sinh2u — (u — x) sinh2u — (u — x)
P (u — x)[sinh2u — (u — x)]

8 sinh” u

(4.29)
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for a, b, and t in terms of x and u follow from (4.14), (4.25), and (4.26). In the
particular case = 0, the corresponding expressions are

2 (u—x)tanh’u ,  2tanhu

4.30) T2 —u—x) O T snh2u—(u—x)

1 -
t = Z\/(u — x)[sinh2u — (u — x)] cothu .

COROLLARY 4.2 The limit lim;_, o 0¢1(x, 1) = % The function o (x, t) yields a
one-to-one correspondence between the first quadrant x > 0, t > 0, and the region
U bounded between the curves a1 (x, 0) and o1(0, t); the curves are included. The

corresponding result is also true for o (x, t).

PROOF: Equation (4.14) shows that t — oo implies u — oo. Then the asymp-
totic of «) (x, t) follows from (4.25) and (4.26). For any z € U, the corresponding
values of x and ¢ are uniquely determined by (4.4). The easiest way to show the
one-to-one correspondence between U and x,t > 0, is to consider the differen-
tial equations o, = —F,'F, and &, = —F, ' F,, obtained from equation (2.30):
F(a,x,t) = 0. As will be shown in Section 6.3, these differential equations are
autonomous (in fact, their right-hand sides depend only on «), and the only singu-
larity they have in U is i/u + 2. Since

e the isochronic curve a(x, 0) contains the set of initial values for all x > 0
for the equation oy = —F !'F, and trajectories directed into U,

e trajectories o (x, t) with different x do not intersect, and

e b(x,t) > O for all finite nonnegative x and ¢,

hence all trajectories «(x, t) lie in U; see Figure 4.3. Thus, according to the theo-
rem, for any pair of nonnegative (x, t) there exists z € U such that o;(x, ) = z.
The proof is completed. g

Notice that the system (4.11) is invariant under the transformation x +— —x,
ar— —a,b+ b,and u — —u.

4.2 Calculation of g
In the case of N = 0, the first RHP (3.1) can be written as

(4.31) g+ +g8- =/, J@+—8)=0, ony,,

where y,, is an unknown, simple, oriented, and symmetrical contour passing
through the points @, 5, and «, and g is a function, analytic everywhere in C\ Y.
The analyticity of f implies that the analytic function g(z) depends only on the
endpoints of y,,, but not on y,, itself.

Let R(z) = +/(z — @)(z — @), and denote the Cauchy integral operator

1
(4.32) G 1) = 57— (gf (_; )Z)

Ym

d¢, 2 ¢ Vm-
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FIGURE 4.3. The trajectories and isochrones of o1 (x, 1), typ = %(,u + 2).

Our choice of the branch of R(z) is such that R(z) — —z as z — oo.
For z € y,,, let C}fn define the positive (negative) limit of C,, [ f1(¢) as { — z
from the positive (negative) sides. It is well-known that

¢y —C, =1d
" 1 JS(©)
[ij+C;m][f](z):E {jdg, 7€ V.

Ym
It is also well-known that

(4.33) 8+() = Re(2)C;, [ fR}']

solves the RHP (4.31) for g, where R. denotes the limiting values of R from the
positive (negative) sides. Indeed,

g+ +8-=RiCL[fRI]+ R-C [fRY]
=R, (C) —C )fR'|=R.fR'=F.
Since the RHP (4.31) for g is additive, we can look for g as a sum of individual

solutions of the RHP for each additive term of (2.10). Direct calculations, based
on (4.33) and the technique of Appendix C, yield

O e L R (AR
P R )

(4.34)

i
)
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In order to compute g for the terms of (2.10) that contain logarithms, we need to
solve the RHP (4.31) where f(z) = (z + A)In(z + A) for some A € R. Then,
using (4.33), we get

_RQ@ [ € +A)IE+A)

d
$O=%0 | ok
(4.35) R(;n1@+A) RG) [ In(¢ + A)
Z n Z n
= d A dc .
27i R(?) E+it )Zm‘ /(z—z)R(;“) ¢
Ym Ym

Utilizing (C.1) and one of the integrals from (C.6) from Appendix C, we obtain

/1n(;+A) d;—i/b In[(a + A)? + b?] dp
R(¢) ) Vb* — B?
(4.36) Vm
—inlna+A+‘/(a+A)2+b2
= 5 )

Utilizing the residue theorem, the second integral in (4.35) becomes

o
(¢ —2R(©@)’

R(Z)/ In(¢ + A)
2i ) (& —2)R()

Vm

1 1 -
(4.37) d¢ = EIH(Z + A) — ER(Z) /oo

where the evaluation of the latter integral yields

R™'(@)[In(z + A) + In[R(z) — (z — a)]

—In[y/(a + A)? + b2R(z) — (a + A)(z — a) + b*]].

(4.38)

Thus, we obtain

a+A+./(a+ A)?+b?
2

1
g(z) = ER(Z) In
4.39)

Va+ A)?+b2R(z) — (a + A)(z — a) + b?

R(z) —(z—a)

1
+ E(Z + A)In
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Applying (4.39) to (5 — z) In(5 — z) and %[(z +T)In(z+T)+(z—T)In(z—T)]
and taking into account (4.34), we obtain

"o _ K
g(z) =2 Z[ln ‘2 +1nb]

2 —R(zx)+z—a
+Z—ZTln[\/(a+T)2+b2R(z)—(a+T)(z—a)+b2}
(4.40) 42 ; L in [\/(a — T2 +bR(z)—(a—T)(z —a)+ bz]
_ gln[R(z) —(z—a)]—1t(z—a)R()
Ly h‘lz—T—E—tqul( In2+em)
> an " > z I uin ET).

Subsequently, for h = 2g — f, we obtain

hz) = (£ nb— |~ AR 2 R
(z)—<5—z)[n —7}—5 n[R(z) — (z —a)] —2t(z —a)R(z)

(4.41) 4 Z‘;Tln\/(a-l-TwR(Z)—i_—T(a—i-T)(z—a)—i-b2
4

+z—Tln\/(a—T)2+b2R(z)—(a—T)(z—a)+b2

2 z—T
In the particular case u = 2, (4.40) and (4.41) become

1—z2

g(z) = [In(1 —z) + Inb] + %1“ [\/mR(Z) —alz—a) “’2]
1
-5 In[R(z) — (z —a)] —1(z — a)R(z)
(4.42) _E_1Z2+%(Mln2+87f),

2
Va2 +b2R(z) —a(z — a) + b?

Z

hz) =1 —z)[lnb — %i| +zln
—In[R(iz) — (z —a)] —2t(z —a)R(2).

4.3 Functions g, and g;

Functions g, and g, and related functions /4, and #,, studied here, play an im-
portant role in our further analysis.

LEMMA 4.3 Expressions for g, and g;, x,t > 0, are given by

(4.43) 8x(2) = —%[z +R@)] and g(z2)=—(z+a)RGR) — 7.
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PROOF: Since g(z) ~ O(z — z9)*/* when zy = « and zo = @, we can look for
g. and g; as solutions of the RHPs

(4.44) y++y-=fc and yi+y_ =/
on z € y, respectively, where f, = —z and f; = —2z°. These RHPs have unique
solutions in L, (y,,), and it is easy to check that (4.43) are such solutions. O

COROLLARY 4.4 As a result of Lemma 4.3, we obtain alternative expressions for
g(z,x,1) by

gz, 1) = g(2,0,1) — %/ 2+ Rz 5, D)lds,
(4.45) 0

g(Z,x,t) = g(Zaan) _/ [(Z+a)R(Z9x7 T) —Z2]df,
0

where R(z,u,v) = —/(z — a(u, v))? + b*(u, v).

Another immediate consequence of Lemma 4.3 and relations (2.19) and (2.20)
is
(4.46) he(z,x,t) = —R(z) and h;(z,x,t) = —2(z+a)R(2).

We now focus attention on the signs of J4, and J#, in the upper half-plane.
The real axis R is a zero level curve for both J4, and Jk;. Additionally, the
segment [&, ] is a zero level curve for Jh,. Since h;(z) ~ O(z — a)!/? near
z = aand h, ~ O(z%) as z — oo, there also exists an additional zero level
curve « that connects « and i oo; see Figure 5.2. An equation for « will be derived
in Lemma 5.3. It shows that « can either lie in the upper half-plane or have a
bounded part lying in the lower half-plane. In the latter case, we replace this part
of k by the corresponding segment of the real axis, so that Iz > 0 for all z € k.

LEMMA 4.5 For any x,t > 0 we have the following:

(1) The inequality Ih,(z) > 0 holds for all sufficiently large |z| in the upper
half-plane 3z > 0. This inequality changes sign each time z crosses either the
contour y,\ or the vertical segment [a, o].

(i1) The inequality Ih,(z) < 0 holds for all sufficiently large |z| to the left of k.
It changes its sign each time z crosses either through k or through y,t.

PROOF: (i) The zero level curve of Jh,(z) = /(z —a)(z —a) is R U [«a],
where [, «] is the branch cut of the function £, (z); see Figure 4.4. On the contour
Ym» according to (2.21), the function 4, satisfies

(4.47) (h)+ + (hy)- =0.
Thus, Jh, changes its sign each time z crosses either y," or [a, «]. It is also easy
to see that arg(—h,(2)) = %[arg(z —a)targ(z —a)] € (0, ) if Iz > 0 and —Nz

is a sufficiently large positive number. For such z, Jh,(z) > 0. Part (i) is proven.
The proof of part (ii) is similar to that for part (i). U
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Y T E—

FIGURE 4.4. Zero level curves of Jh,(z).

4.4 Leading-Order Prebreak Solution

fm©(z, x,1) = I +m'” /24 O(z72) is the expansion of the solution m to the
RHP (2.1) near z = oo, then the potential g (x, ¢, €) is given by
(4.48) q=-2(m"),:
see Section 2.1. As mentioned earlier, we now consider m to be a solution to the
RHP (2.11)-(2.12) instead of (2.1)—(2.2). In this section we compute the leading-
order term qo(x, ¢, €) of the potential g (x, ¢, €), corresponding to (2.11)—(2.12),
and show that gy(x, 0, &) coincides with (1.2) as ¢ — 0. This is done under the

assumption that conditions (2.19) with N = 0 are satisfied in a region of the (x, ¢)—
plane, called the genus O region, that contains the semi-axis t = 0, x > 0.

THEOREM 4.6 In the zero genus region, the leading-order term qo(x, t, €) corre-
sponding to the RHP (2.11)—(2.12) is given by

(4.49) Go(x, 1,€) = A(x, )esS&D

where A(x,t) = b(x,t) and S(x,t) = =2 fox a(s, t)ds, and expressions for a and
b are given in (4.27)—(4.30).

PROOF: Combining (4.48) and (2.13), we obtain
(4.50) golx, 1, 8) = —(2mY) ,e*5e

According to (2.19) and (2.20), the diagonal entries of the jump matrix V®, given
by (2.15), are
o2 (8+—8-) _ E25hy

where i, € R when z € y. Since N = 0, the nonzero off-diagonal element of
V® is —1. Using the factorization

e2iht 0 1 —e2iths 0 1 1 —e2ths
4.51) (_1 e_2£h+)—(0 1 1 0)\o 1 ,
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which is a particular case of (2.16), we can reduce the RHP P to the RHP P (™Mo%:

(mod) mod) [ 0 1
(4.52) m = m’ (_1 0)’

as discussed in Section 2.7. Using now the factorization

0 —1\ _L/=i —1\(i O\( i 1
e (1 )=00 )6 DG ),

we obtain the solution to the RHP (4.52) as

1/(—i =1\ [{z—a\*"( i 1
(mod) _ ~
39 " _2<1 i)(Z—&) <—1 —i>'

Then (m™9);, = —£(8 — B~"), where

ﬂz(z_a)4:1‘&+0<z2>.
2z

z—a
Then (m(lmOd))lz = —%b, so that
(4.55) qo(x., 1, &) = b(x, 1)e*+8 |
as long as the conditions (2.19) are satisfied with N = 0. To complete the theorem,
it is sufficient to mention that, according to Lemma 4.3, g, (c0) = — %a. [l

In order to provide the expression for S(x, ¢) in the closed form, let us now,
according to (3.17) and (C.2), compute g(oo) by

1T [ . dp 5OS[f(0)ldx
(4.56) g(oo)=;[f0 narip o | b2+(x_a)2]

Using (4.9) and integration formulae (C.6), Section C, we compute the first integral
in (4.56) to be

- %(Ttanhl ; —b+,/b2+<% —a)z— (% —a)

2

+ %[\/b2+(a+T)2+\/b2— (a — T)Z—(a—i-T)])

®o_ 2 K’ 2
1 zb2+(ﬁ—a)1n2 G L m2 g en
2 2 2 4

a+T++/b*+ (a+T)>2

+i((a+T)ln

a—T
+@—T)In

b+ (a — T)2)
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The corresponding computation of the second integral yields

[V = (5 )+ i)
= %( bz—{—(%—a)z

—(%—a)ln[%—a+,/b2+<%—a)2]—b+(%—a)1nb).

Adding the latter two expressions and taking into account (4.4), we obtain

4.57) g(c0) = %(% Inb +1(2a* — b%)

o T 1. a+T+Vb*+@+T)>? 1
—T|tanh™ —— — = In —ETT
w/2 2 a—T+ b +(@—-T)*] 2

Equations (4.4) yield

w ) 2aT
+vb? +T)=—+2th"+ ————,
Tlaxly=5+ 5o
so that the logarithmic term in (4.57) becomes tanh™! m Thus, we get

(4.58) (00) ! R nb+12a® = b*) — T tanh™! 271h? +1
. X)) = —-|—1In a — — an — = —&TT | .
& 22 T2 + ub? 2

Combined with (4.55), this equation yields the following corollary:

COROLLARY 4.7 The leading-order term qo(x, t, ), obtained through the RHP
(2.11)—(2.12) according to (4.50), can be written as

4.59) qo(x,t,e) =

b(x. 1) 2 P b+ 12a? — b — T tanh™! 271b
— X, €X —| —In a — — an —_— .
P\7%l2 T2 + pib?

The required accuracy follows from the results of Section 9.
COROLLARY 4.8 The expression (4.59) with t = 0 coincides with (1.2).

PROOF: Indeed, in this case (4.58) yields g(c0) = %(/,L Inb + em). So, accord-
ing to (4.55),

(4~60) qo = be%ﬂlnb*i” — —[COSh(x)]*i?Mfl ’

1

e This answer coincides with our initial

since, according to (4.11), b(x,0) =
potential (1.2):

1
cosh x

— % Incoshx

q=-
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FIGURE 4.5. Hyperbolic variables.

In the particular cases u = 2 and u = 0, according to (4.29) and (4.30), we
obtain

ot - 2 sinh i e i 2sinh?u—1
.6la X, u)=—|— exp | ——
10 sinh2u — (u — x) P g sinh2u — (u — x)

and

2 tanh u
sinh 2u — (u — x)

i u—Xx
X exp (g[[(u — x)tanhu — 1]\/sinh2u yp——

5 tan-"! (u — x) tanhu
— 2tan ,
sinh2u — (u — x)

4.61b)  qolx,u) = —\/

respectively, where u > x > 0.

4.5 Existence of the Contour y When x = 0

The results of Section 4.4 are based on the assumption that the function g(z),
constructed in Section 4.2, and the yet-to-be-determined contour y satisfy condi-
tions (2.19). In this and in the following section we will establish the existence of
such y for x = 0 and x > 0, respectively, and for some ¢ > 0.

We start by introducing a new variable v by

(4.62) sinhv = =2

b
which maps the upper z half-plane with the cut Iz > b, %z = q, into the strip
S ={v: 0 < Jv < 7}; see Figure 4.5. Moreover, & +— 5, T +— —p,

—T — —q, and :I:% > v11, where p and g are defined by (4.6), and £vy, are
positive numbers.
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In the variables v, p, and g, we get R(z) = bcoshv and
V(@a+T)2+b>=bcoshqg, +/(a—T)2>+b*=Dbcoshp,
(4.63) 1
7= b[sinh v+ E(Sinhp + sinhq)] ,

so that, using (4.7), we can rewrite (4.41) after some algebra as

1
h(v, p,q) = Z[u — b(cosh g + cosh p)]sinh 2v

b c
—(sinh inhg) Ini
(4.64) + 2(sm v + sinhg) Ini Sinh L4

2

sinh”J’Tp +5 v

cosh 52 u,( in)
5 )

b
+ E(sinh v + sinh p) Ini

Direct calculations show that 2(Z, p, ¢) = 0 for all p and ¢. In the particular case
u =2, wehave p = g = u, so that (4.64) becomes

1
h(v,u) = 5[1 — bcoshu]sinh2v
(4.65) cosh 4 iT
+ b(sinh v + sinh u) lni,ivfu (v — —) .
sinh =5+ 2

In the case i = O the first term of (4.64) becomes —tb? sinh 2v.

THEOREM 4.9 The vertical interval x = 0, 0 < t < =—— of the (x, t)—plane

) 2(u+2)
belongs to the genus 0 region.

PROOF: In order to prove existence of the contour y* satisfying conditions
(2.19) with N = 0, we study the level curves of B, where & = A + i B in the strip
S. In the case u < 2, i.e., T is purely imaginary, we consider S with the cut from
the origin to —p.

Let us study B on the real axis. If p, g € R, i.e.,if u > 2, we get

b
(4.66) B= %(b sinhv + = (sinh q + sinh p) — %) - Z( _ ﬁ)

2 2
when v > —p. Thus, B > 0or B < Owhenv > vy orv < vy, respectively. The
corresponding expressions on the intervals (—g, —p) and (—oo, —q) are 7(T —
£) < 0and —% (z+ %), respectively. Thus, B is negative between v+ and positive
outside these values.

In the case 0 < u < 2 the situation is the same because in this case p = g, so
that

b , cosh=% p ) cosh 52
4.67) E(smh v + sinh g) In @ + E(smh v + sinh p) In @ eR
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if v > —sinh™! %. Therefore, B = Z(z — §). Forv < — sinh™! ¢, we have to
replace i by —i in the logarithmic terms of (4.64) so that B = —5(z + 5).

To study B on the horizontal line [/ = {v : Jv = 7}, we first compute the
derivative

oh
a—(v, p,q) = |:(,u — b(cosh g + cosh p)) coshv
v

4. b cosh =L 4 cosh(v — 422
(4.68) + —1In E ( i ):|coshv
2 cosh ©52 — cosh(v + )

=1(v, p,q)coshv.

It is easy to see that T %’, p,q) = 0 for all p and g, so that & has at least a third-
order zero at % In the particular case ;= 2, the previous equation becomes

v—u

8h( ) =|2(1 — bcoshu)coshv + b1 ; 081 2 h
— W, u) = — bocosnu)cosnv nNt———— | coSnv
(4.69) v sinh £

= t(v,u)coshv.

Substituting v = % + & in the case u < 2, we get

oh
3y = sinhé[(u — b(cosh g + cosh p)) sinh &
(4.70) v

b 1 cos Jq + i sinh(§ — Ngq)
'3 s Sq — i sinh(E + 9?q)j| '

This expression becomes real for all £ if and only if g = O, ie., if a = 0.
According to (4.9), this implies # = 0 and, consequently, x = 0. Thus, for x = 0,
% = A, +iB, € Ron!. That means B is constant on /, and because v = % isa
zero of h, we conclude that [ is a zero level curve for B. The same is true for the

case ;0 > 2, because in this case the logarithmic term of (4.66) becomes
cosh &52 + i sinh(§ — u)
cosh &52 — i sinh(¢§ + u) ’

4.71) In

where, according to (4.7), u = #.

To find other zero curves of B, we have to find zeros of % on [ other than %
First notice that %(% + &, g, p) is an even function of £ and that it goes to +o00
as & — +oo when ¢t > 0. The latter fact follows from

w — b(coshg + cosh p) = —4tb*> < 0.

Direct computations yield

a
o _ [ — b(cosh g + cosh p)]sinh v

av
b coshg cosh p
2| sinhv +sinhg = sinhv +sinhp |’

4.72)
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In the case x = 0 we know @ = 0 and hence p = —gq. Thus, the latter equation
becomes

ot bcoshg
4.73 — = — 2bcoshg + sinhv.
(4.73) v |:,u 1 cosh® g — cosh? v}
The equation g—z % + &, g) = 0 then becomes

1

4.74 =bcoshg|2 — .
( ) o 1 |: cosh® g + sinh? & ]
Thus,

.12 cosh g )
4.75) sinh®é = ————[b — 2bcosh”“ ¢ + i coshgq].

2bcoshg — u

In order to show the existence of real solutions, we have to show that the right-
hand side is positive for all © > 0. Substituting b coshg = +/T? + b? and taking
into account (4.12), the right-hand side of (4.75) becomes

VT? + b2
(4.76) Tj [1—4r/T2 +b?].

Since b(t) is an increasing function on [0, fy], where 7y = m and b(ty) =
1+ 2,1t is clear that (4.76) is positive when ¢ € [0, #p) and is zero when ¢ = .
(In the special case when u = 0, (4.76) also becomes 0 When t =0.)Let§ >0
denote the solution to (4.75). This is a simple zero of %( % +£,9).

The obtained results show that A; = ?)ig—ﬁ(%” + &, q) is zero at £ = O; then it
decreases until £ = &; and afterwards increases towards +oco. Thus, for any o > 0
and for any ¢ € (0, y), there is a unique value & > 0 such that

oh [im
4.77 — — , =0.
4.77) 8v< 7 + & Q)

In the case t = ¢y, the value & = 0, thus forming a fifth-order zero of i (v, q) at
v = Z. Because A = B, where v = & + i, we conclude that B(v) changes
sign: from negative to positive if £ > &y as v = & + in crosses [ from below,
and from positive to negative if £ € (0, &y). Since B is positive along the real axis
for v > vy, there is a zero level curve of B in § that goes to infinity. Simple
asymptotic analysis of B shows that there is only one such a curve. Thus, we have
four zero level curves ¢;, j = 1,2, 3,4, of B inside the right half of the strip S,
emanating from % + &, % v41, and oo, respectively; see Figure 4.6. The curve
¢ constitutes an angle 5 with / because % is a third-order zero of A.

Finally, let us study the behavior of B along the imaginary segment [0, Z]. In
the case x = 0 we have ¢ = —p, so (4.68) becomes

oh b
—(, p,q) = | (u — 2bcoshg) coshv + > In

coshg + coshv
4.78) v coshg —coshv | "

coshg — coshv
= 1(v,q)coshv.
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FIGURE 4.6. Zero level curves, x = 0.

We want to show that B < 0 on [0, iZ]. Since B(0, Z) = 0, it is enough to show
that B, = Ag, where v = & + in, is nonnegative on [0, by if w > 2 and on [q, %’]
if 0 < u < 2. Thus, we want to show that M, where t = M + i N, is nonnegative
there. Since T(£,q) = 0, it is enough to show that N; = —M,, is nonnegative.
Similarly to (4.73), we find

bcoshg .
4.79) N:(0,n) = | — 2bcoshg + 5 sinp .
cosh” g — cos?n
As before, the equation N¢ (0, n) = 0 yields
h
(4.80) — cos? n= cos—q[b — 2b cosh® q + ncoshq].
2bcoshg —

But, as shown above, the right-hand side of (4.80) is nonnegative. That implies
that Ng(0,7) > Oon [0, Z]if u > 2 and on [¢, Z]if 0 < p < 2. It is clear that
in the latter case N¢(0,n) < 0 on [0, ¢]. That implies B, > 0 on [0, by except,
possibly, some segment [0, s] C [0, g). But because B(0, 0) < 0, we again obtain
that B is negative on the whole [0, ], Thus, zero level curves of B cannot cross
the semi-interval [0, % .

Since B(&, n) is a harmonic function, every closed and bounded level curve of B
should contain at least one singular point. Thus, the zero level curve ¢, emanating
into S from % cannot end at % +&p. It also cannot end at oo, since then it would be
intersected by c¢;. As the only remaining option, ¢, connects % and vy, whereas
c1 C S goes from % + &y to co without intersecting c,. Therefore, c¢; is the image
of our contour y* under the map z — v. It is also clear that A = Rh is decreasing
along y*. The existence of the part of the contour y connecting o and —4 follows
from the fact that there is a zero level curve of B connecting % and v_;. Thus,
the existence of the contour y satisfying all conditions of (2.19) is established for
x = 0. The proof is completed. U

4.6 Existence of the Contour y When x > 0

THEOREM 4.10 Let ty(x) be the maximal time such that all the points (x, t), where
x > 0isfixed and t € [0, ty(x)), belong to the genus O region. Then ty(x) > 0 for
all x = 0.
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PROOF: In the case x = 0, the existence of #,(0) = m was proven above.
In the case x > O the horizontal line / is not a zero level curve of B anymore.
However, B is monotonically decreasing along [ according to (4.70) and (4.71),
where u > 0. The fact that B(0, Z) = 0 implies B < 0 for ¢ > O and B > 0 for
& <.

Consider now the asymptotic behavior of B(§, ) in S when § — Fo00. Con-
sidering the first logarithmic term of (4.64), we obtain
_cosh 574
(4.81) Ini ——+-
2
as v — Zoo. Substituting this and the corresponding expression for the other
logarithmic term and taking into account (4.7), we obtain

~+ F g +2eT coshg + O(e™)

sinh 2

1
h(va D CI) ~ :F Etbzeih)
b
(4.82) + Zeiv[im F (g + p) + 2¢TV(coshg + cosh p)]

b :
+ %E(sinhq + sinh p) — %(% - v) + 0(e™)

as v — *oo. Substitution of v = & + in together with (4.7) yields
Lo b . )
(4.83) B, n) ~ _Etb e” sin2n + Ze (mcosn —2usinn) + O()
if & - 400 and
oo o b _; :
(4.84) B(&,n) ~ _Etb e~ sin2n + Ze (m cosn +2usinn) + O(§)

if & — —ooin S. Notice that on the boundary lines n = 0 and n = 7 of S, the
function B attains correspondingly positive and negative values as £ — +00, in
accordance with our previous analysis. Moreover, according to (4.83), there exists
a unique zero level curve of B in S that is asymptotic to 2tbe® sin2n = 7 cosn —
2usinn as &€ — +oo. In particular, this equation asymptotically approaches the
graph n = e~ /(4tb) ift > O and n = tan™' L if r = 0.

In the left half of S, however, according to (4.84), the function B > 0 for
all n € [0, Z] if r = 0 and —¢£ is sufficiently large. So, for t = 0 there are no
zero level curves of B going to infinity in the left half of S. Since the three zero
level curves of B emanating from % into S cannot intersect each other, they have
to connect % with the points v_j, vy, and +o00. Thus, for ¢+ = 0 the existence
of contour y* is proven. Consider now small but positive 7. Then, according to
(4.84), B < 0 as § — —oo along any horizontal line n = const except n = 0, 7.
Along these boundaries of S the function B is positive. Thus, there are two zero
level curves of B that are asymptotic to n = 0,2 as & — —oo. If ¢ is small,
these curves meet each other and form a single curve ¢, given asymptotically by
2tbe % sin2n = mcosn + 2usinn. Thus, the other zero level curves of B are
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FIGURE 4.7. Zero level curves, x > 0, t < 19(x).

topologically the same as for the case t = 0, and so the contour y T still exists; see
Figure 4.7.

Let us now show that the presence of the vertical cut [0, 7] in the case 0 < u <
2 (function h(z) has singularities of the type zInz at z = £7') will not change the
topology of zero level curves of B = Jh established above. We first prove that
B(0, y), where z = ¢ + iy, is a convex function on the cut [0, T].

LEMMA 4.11 For every x > 0, t > 0, the function B(0, y), where h = A +iB,
is convex on' y € [0,|T|]. Ift = O, then, additionally, B(0, y) is concave on
y € [IT], +00).

PROOF: We start with the observation that 7, = t and h,; = ;% where
z—a = bsinhv. Since h,, = Ay +iB;; = A;; —iB,,, we need to show that the
statement By, > 0 is equivalent to Jh., = Jcoshvt, < 0. Notice that Jh(z) is
continuous across the cut [0, T'] (but A (z) has a ]ump there) Let z = iy be a point

on [0, T'). Then the corresponding sinh v +sinh p = 2L sinhv 4 sinhg = ﬂ
Then (4.72) together with (4.7) yields

0 4b? b3 sinh 2
485 == |—am?— _sz inhy — o Sinh2e

dv 2 |T|?— 2(T2 = y2)

Thus, 7, is a linear function in sinh v, where both coefficients are negative.
The proof now follows from the fact that both

1
(4.86) Jcoshv = —sinh&siny and I coshwvsinhv = 3 sin 27,

where v = & + in, are positive if sinh(§ + in) = ]

Since B(0,0) < 0, Lemma 4.11 implies that either B < 0 everywhere on
[0, T'], or the cut is transversally intersected with only one zero level curve of B.
Let us now show that for # = 0 only a complementary arc y, connecting « to —%
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FIGURE 4.8. Zero level curves, x > 0, > 19(x).

can cross the cut [0, T]. Indeed, at x = 0 no zero level curve of I/ intersects the
cut; see Section 4.5. Let us vary x. According to (4.64),

coshx /. _, b4

+ — <s1n |T| — —) .

|T| 2 2

We see that IA(T) > O for sufficiently large x, so there will be an intersection
with the cut. If the main arc crosses the cut, it should also cross the imaginary axis
above T'. Thus, the interval (T, ioo) will be crossed at least twice by the main and
the complementary arcs. But that contradicts the concavity of 34 on (7', ico). Now
fix some x > 0 and let ¢ grow. If IA(T) < 0 at ¢t = 0, then Ik will be negative
on the cut [0, T'] for all ¢, since Ik, < O there; see Lemma 5.3. If IA(T) > 0 at
t = 0, then the complementary arc has already crossed [0, 7], and no other zero
level curve of JA can cross the cut for ¢ > 0.

In the case when the complementary arc y,. intersects [0, T'] (then, obviously,
Sh(T) > 0), we can always deform y,. within the positive domain of JA (i.e.,
domain JA(z) > 0) so that y,. goes around z = T and does not cross the cut. Thus,
conditions (2.19) will be preserved, as well as the topology of zero level curves of
Jh discussed above.

If x > 0 is kept fixed and ¢ increases, the only way to change the topological
picture of the level curves of B is for the curve ¢ to collide with the level curve
connecting % and v_; at some fy(x) > 0.

It is clear that the condition J(g+ + g— — f) > 0 when z € y" of (2.19) with
N = 0 fails at the point (x, fo(x)). The topology of zero level curves of Ih for
t > to(x) is given in Figure 4.8. Thus, the theorem is established. ]

(4.87) Sh(T) =|T|In

As we have seen in the proof of Theorem 4.10, the point (x, fo(x)):
(1) satisfies the system of equations

(4.88) (v, p,q) =0 and Jh(v,p,q) =0,
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and
(2) all points (x, t), where t € [0, fo(x)), belong to the genus zero region.

The set of all points in the (x, r)—plane satistfying (1) and (2) is called a breaking
curve, and each such point is called a breaking point. In particular, it is clear that
x =0and t = m is a breaking point. The existence and properties of the
breaking curve are discussed in the next section.

5 Breaking Curve

In this section we prove that for any x > 0 there exists a finite value #y(x) such
that the conditions (2.19) with N = 0 are satisfied for all ¢+ € [0, #y(x)) but fail
att = fo(x). Thus, the function #y(x) is defined for every x > 0. We prove that
to(x) is a smooth, monotonically increasing, single-valued function that has linear
behavior as x — 0 and x — oo.

5.1 Existence of the Breaking Curve

As we have seen in Section 4.6, system (4.88) determines a breaking point for
a given x > 0. Although we cannot solve the system (4.88) in explicit form, we
can show that such a point exists for any x > 0. Namely, we show that there exists
a line / in the upper z half-plane separating o and —5 such that I2 < 0 along / for
sufficiently large ¢. Thus, conditions (2.19) with N = 0 fail for sufficiently large ¢
since there is no zero level curve of / connecting o and —%.

LEMMA 5.1 For every x > 0 there exists a finite to(x).

PROOF: Using (4.68) and the fact that % = % . bcolshv =b'1(v, p,q), we
calculate
5.1) ﬁ _ l|:ln a+ R(2) s%nhu coshu — (z —a) s%nhz u 8tR(Z)i| .
dz 2| a— R(z)sinhucoshu — (z — a) sinh” u

Let us fix some & € (—5, 0) and consider the verticalray l = {z : z =& +in, n >
0}. We want to show that B = Ik < 0 on [ for a fixed x and sufficiently large
t. Since, according to (4.66)—(4.67), we have B(&, 0) < 0, it is sufficient to prove
B, =A; = .‘R% < 0 on/; see Figure 5.1.

Taking into account Corollary 4.2, we obtain

b2
(52) KO~
. 2
\/(a:I:T)2+b2~(a:I:T)+b—, t — 00,
20a+T)

uniformly in $iz < 0. Therefore, using (4.10), we obtain

1
(5.3) R(z) sinhu coshu = (a — z) sinhu coshu + ——— + o(1)
2(a —z)
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FIGURE 5.1. Signs of Jh for large ¢.

as t — o0o. The real part of the logarithm in (5.1) then becomes

(@ — 2)e* + (a +2) + g2 +o(1)]
(@ +2) + 25 + o)) B

5.4) In

(@ —2z) +o(1)]
l(a+z2)+ —=+o)|’

(a—z)

2u + 1n

The latter logarithm is uniformly bounded on [ for all large ¢. Thus, using (4.11),
we see that

(5.5) m%=(4m+x)—4z(a—g)+Q=4;g+x+Q<o

since ¢ is sufficiently large and Q is bounded. Thus, the contour y.* in conditions
(2.19) cannot exist if ¢ is sufficiently large, and the proof is complete. O

5.2 Properties of the Breaking Curve

Here we show that the function fy(x) is smooth and monotonically increasing
for all positive x. Let vy(x), together with #y(x), denote a solution of the system
(4.88) for a given x > 0, and let zo(x) denote the point corresponding to vg(x) on
the complex z-plane. The following three lemmas are needed to prove the above-
mentioned properties of the breaking curve fy(x).

LEMMA 5.2 If u > 2 and (x, ty(x)) is a breaking point, then the corresponding
Nzo(x) < 0. Moreover, Rzo(x) = 0 implies x = 0. If a — 5, then zq has to
approach the interval (—oo, —T) if u > 2 or the union (—oo, 0]U[0, T]if u < 2.

The proof of the lemma is based on MI conditions (3.5)—(3.9) for N = 1 and
is given in Section 6.4. It does not use any results concerning the breaking curve
obtained in the present section.
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FIGURE 5.2. Signs of Jh;.

LEMMA 5.3 The whole zero level curve k of Ih, from Lemma 4.5 lies in the same
half-plane (left or right) where the point « € k lies; see Figure 5.2.

PROOF: We first express /;, given by (4.46), in the hyperbolic variable v =
E+inas

(5.6) h;(v,x,t) = —2b2[sinh v + sinh p + sinhg]coshv.

Then equation Ik, = 0 yields the solution

5.7) a sinh§&
. cosp=———5——.
"7 Thsinn’e + !

Therefore, according to (4.6) and (4.63),

(5.8) Nz = bR sinhv +a =bsinh&cosn+a = a ,
cosh2&

so that the sign of 9z coincides with that of a. The proof is complete. U

LEMMA 5.4 For any x > 0, we have 3h,(zo(x)) > 0 and Jh,(zo(x)) < 0.

PROOF: In the case i > 2 the point zo(x) is in the left half-plane, according
to Lemma 5.2. Moreover, since zo(x) € y,t, there exists a continuous curve in the
upper half-plane that connects zo(x) with —oo and does not cross y+. Thus, for
> 2, the statement of the lemma follows from Lemma 4.5.

In the case u© < 2 we first consider Jh,. According to (5.7), the zero level
curve k of Ih,(v) lies in the left v half-plane. Therefore, the assumption fvy =
& > 0, combined with Lemma 4.5 and the fact that zo(x) € y., immediately
yields Ik, (zo(x)) < 0. So, we consider only & < 0. We also exclude the case
Svg =Ny = %, since, according to the results of Sections 4.5 and 4.6 (namely, that
Sh(vg) = 0 and ny = Z implies vy = %’), that would imply x = 0. Solving the

2
equation &, = 0 for the logarithmic term

v9q v=p

cosh .cosh —

sinh 14 sinh ”Tp

1
5.9 §b|:lni ] = —[u — b(cosh g + cosh p)]coshv
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and substituting it into the other equation I2 = 0 of (4.88), we obtain after some
algebra

1
Ih = _E[M — b(cosh g 4 cosh p)]J[(sinh v + sinh p + sinh g) cosh v]

oLy [g et 2T 73(v - E) =
2 cosh% sinh%

(5.10)

The latter term of Ik (vg) is negative since 1y € [0, Z). Let us show that the
logarithmic term in (5.9) cannot be positive if £ = RNv < 0. Indeed, u < 2 implies
T =i|T|, so we need to show that

sinhu + sinh(v — 452)

5.11
.11 sinhu + sinh(v 4+ 452)

Note that, according to the last equation of (4.11), bsinhu > a if m < 2. There-
fore, using (4.8) and (4.9), we obtain s € [0, Z] where

a

i
=——(q — p) = —i cosh™! .
s 2 @=p) 1 eos bsinhu

Note that for any 1, s € [0, %], we have sinz(n +s5) > sin2(77 —s)and cos(n+s) <
cos(n — s). To prove inequality (5.11), it remains to reduce it to

(5.12) sinz(n — §) 4+ 2sinhu sinh & cos(n — 5) <
sin(n + s) + 2 sinh u sinh & cos(n + ) ,

which is true since £ < 0. Now we see that (5.10) implies J[(sinh v + sinh p +
sinh ¢) coshv] > 0, since — 1 +b(cosh g +cosh p) = 4tb> > 0. Thus, the required
inequality 34, (vo(x)) < O follows from (5.6). Notice that in the case u = 2, the
proof is still valid.

It remains to consider 34, (vo(x)) in the case u < 2. We first show that equation
h, = 0 of (4.88) is incompatible with I, (v) = bI coshv = 0. Indeed, the latter
equation implies v = in, where n € [0, 7). So, (5.9) becomes

cosh ©52 + cosh(u — in)

cosh ©52 — cosh(u + in) N

8tb cosn

(5.13)

The requirement that the left-hand side of (5.13) is real yields
w® —cosh’(u — in) € R,

where @ = cosh 452 is real. Thus, cosh(u — in) should be either real or purely
imaginary, so that » = 0 or n = 5 or u = 0. The first condition is incompatible
with Jk(v) = 0, whereas any of the other conditions combined with v = vg(x)
implies x = 0. Thus, Ik, (vo(x)) # 0. To complete the proof of the lemma,
one has to note that, according to Corollary 4.2, Lemma 4.5, and Lemma 5.2,
Shy(vo(x)) > 0O for sufficiently large x. ]
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THEOREM 5.5 The function ty(x) is smooth and monotonically increasing for all
x > 0.

PROOF: Let 1y = fy(xp), xo > 0, be a breaking point. That means that the
system of equations (4.88) is satisfied with the given (xo, #p) and some uniquely
determined vy = wvg(xg, fp). (It is easy to see that the assumption of several cor-
responding v leads to a contradiction, since it would imply existence of a closed
zero level curve of the harmonic function 3% (v).)

Let us fix x = x¢ and write (4.88) in vector form as F (v, x, t) = 0, where the
first two components of F are Jit and I, and the last component is I%. Using the
Cauchy-Riemann equation, we calculate the Jacobian

_81’2

aF
(5.14) ‘8( Yl P - Shy
v, v
since h, = 0 implies g;;f‘) = % = (. Based on the topology of zero level curves

of Jh, considered in Section 4.6, we note that /., (vg) # O for any vy, and hence
7,(vo) # 0 at this point. The fact that J%,(vg) < 0 follows from Lemma 5.4. Thus,
according to the implicit function theorem, the system F(v, x,¢) = 0 uniquely
defines a smooth real function t = fy(x) and a smooth, complex-valued function
v = vp(x) in a neighborhood of x = xy.

To prove that 7y (x) is monotonically increasing, we calculate the full derivative

d dv dt

(5.15) Ehzh“EJrh’E“th
along the solution (vo(x), fo(x)) of F (v, x, t) = 0 and consider the imaginary part
of (5.15). Then, according to Lemma 5.4, j—; = o) 5 0 The proof is

Shy (vo)
completed. U

5.3 Asymptotics of the Breaking Curve
Here we study the asymptotics of #,(x) for large and small positive x. The
asymptotics obtained below near x = 0 shows continuity of #y(x) at #5(0) = m

THEOREM 5.6 Forany u > 0,

i(1 +o(1)) as x — oo
(5.16) o) =41 cot T

_.I_
2(u+2) 2Ju+2
PROOF: We first prove the large x asymptotics. According to Lemma 5.2 and

Corollary 4.2, the asymptotics (5.2), where z satisfies h,(z, x,t) = 0, is valid for
all large x uniformly in ¢+ > 0. Substituting (5.2) into system (4.88), namely, into

x+0xY* asx — 0.
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equations (4.41) and (5.1), and omitting some lower-order terms, we obtain

(5.17a) —%(% _ mz) — %zInb — s[(% _ z) In(a — z)]
2_1712 T T(z—T
+3im? pa| LplatDe=D
) 2 " U—Tz+1)
and
— 4tb>
(5.17b) 24— =8t(a—2)+ .
a+z+2(a_z) a—z

According to (4.9), the last term of the second equation is vanishing as u — oo.
Then the real and imaginary part of the second equation can be written as

1
5.18) x = —4tNz and — 8¢tJz = arg(a —z) —arg (a +z+ 7) .
2(a — z)

Let us show that, according to Lemma 5.2, 3z — 0 as x — o00. In the case
@ > 2 the statement is clear. Suppose now that u < 2 and z approaches [0, T'] as
x — 00. Then, according to the first equation, ¢ — oo. But the right-hand side of
the second equation is bounded, so Iz — 0. Therefore, z approaches the negative
real semi-axis as x — oo for any u > 0.

According to (4.9), t ~ b=2 as u — oo. Thus, boundedness of Iz implies
SzInb — 0 as x — oo. Collecting the leading-order terms of equation (5.17a),
we obtain

TR 1 2 2y _
(5.19) : (2 .‘)iz) Shizarg(2? =17 =0
as x — oo. Thus, Rz — —5 asx — oo. Substituting this expression into the first
equation of (5.18) yields (5.16). The proof of the large x asymptotics is complete.

Since we know that #y(x) is a smooth, increasing function on (0, 0o), we are
looking for a solution (zo(x), fo(x)) to (4.88), where #y(x) is a smooth growing
solution for small x > 0. We want to find such a solution under the assumption
that zo(x) is close to zo(0) = i/ + 2, where the breaking for x = 0 occurs.
Based on results of Section 4.1, this assumption implies that the values a(x), b(x),
and 7(x) = ty(x) are close to 0, ./ + 2, and m, correspondingly, and that
u = 4ta+x — 0asx — 0. Taking the two leading terms of the Taylor expansion
of t(v, p,q) atv = %”, we rewrite the system (4.88) for the breaking curve fy(x)
for small x > 0 as

im n im c? 0
T\ —=— P> Tow| = P> - = )
) P, q v\ P, q 6

~ in 3
S[hyve 7, p.q)¢°1=0,

where v = % +¢,3¢ < 0,and ¢ € Cis small. The simple facts that rvv(%”, P, q)
=0and hwv(%”, p,.q) = 2irv(i7”, P, q) are used here and below.

(5.20)
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We first consider the particular case i = 2 and then make required adjustments
for the general case. Since in this case p = g = u, we get

T . bcoshu
(5.21) — =2(1 —-bcoshu)sinhv - — .
av sinh v 4 sinh u
Then, using (4.29), we obtain
ot (im 2 . ) .
522) —|—,u)=————[—sinh“u —i[(u — x) coshu — sinhu]],
ov \ 2 s(u, x)coshu

where s(u, x) = sinh2u — (u — x).
The complex number S—Z(i—”, u) is in the second or third quadrant, so

97 /i

(5.23) arg ot E, u)=—tan"! Ll +0Ww)|+rn
v \ 2 u?

for small # > 0. Direct calculations for the third derivative yield

(524) Tvvv(vv u) =

2(1 — bcoshu) sinhv — bcoshuCOS v + s.1n v Smh u ,
(sinh v + sinh )3

(525) 1 (i” ) 2 [2sinh?u — i[(« — x) cosh’
. — U )| =— u—il(u—x u
A2 s(u, x) cosh® u

+ (1 — sinh® u) sinh u]] ,
and

1 (w—x) cosh® u + (1 — sinh® ) sinh u

2sinh® u
1 f(2u—x
= —tan " +0u)),

where u — 0. Since S)itv,,v(%’, u) — 0 but I7,,,(Z, u) does not approach 0 as

u — 0, we see arg T, (5, u) > —75

im
(5.26) arg rUU,J(?, u) = —tan

as u — 0. Moreover, the requirement

(i, u)
r=— 22~ 50 asu—0

in
Tvww (75 u)

implies 1, %’, u) — 0, so that, according to (5.22), x = o(u).
Equations (5.20) can now be written as
1 1 T
argl = Eargfv — Eargtwv + > + k,

(5.27) -
Jarg¢ = ) —argt, +7n,
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where k,n € Z. The requirement J¢ < 0, together with (5.23) and (5.26), yield
k = —2 and n = —1. Thus, (5.27) can be rewritten as

1 (X 1

arg{ = ——tan —+0w) | —zargty,, — 7,
2 u? 2

(5.28)

5 (X
Jarg{ = ——m +tan —2+0(u) .
2 u

The combination of these equations yields

2 _
(5.29) 5mn1<%+lxm):—ﬂ+3mnl(MZX—FOWO,
u u
so that in the limit # — 0 we obtain
X T
5.30 tan”! = = — .
( ) an uz 10

This equation shows that along the breaking curve #o(x) we have x = du?, where
§ — tan {j in the limit x — 0.

Computing the leading behavior of 7 as u — 0, where x = du?, by (4.15), we
obtain

. 1 1— 1(n+2)8
S 2(u+2) 2(n+2)
Substitution of u = 2 and § = tan 7; yields

(5.31) w4+ 0.

1 cotit —tanZ
(5.32) fo(x) = o + —2 10
8 8
Thus, we construct the smooth and growing solution #y(x) for small x > 0 in the

case u = 2.

x4+0(x2), x—0.

Let us now calculate tv(%’, p,q) and rvw(%”, p, q) for general © > 0. Based
on (4.72) and using (4.11), we obtain

ot (i bsinh 2u — ib(cosh cosh
5.33) 2Z() 2 [u—b(cosh g-+cosh p)Ji— LS 2u — ibleoshg + cosh p)
v \ 2 2 coshg cosh p
Here we omitted the arguments (p, g) in ‘;—f} Our goal is to express all terms in

(5.33) through u and x. First, note that, according to (4.10) and (4.11),
b*coshg cosh p = a® coth? u — T2 tanh® u,
b(coshg + cosh p) = u + 4tb* = 2a cothu .
Thus

ot [im ) i b sinh 2u — 2ai coth u
(5.34) —| — ) =b| —4ti — > 5 .
dv \ 2 2(a? coth® u — T? tanh” u)
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Using u = 4ta + x, we obtain after some algebra

ot (im

— sinhuv/a? coth® u — T2 + i(a cothu — (u — x)[a coth? y — Ltanh’uy)

acothu
a2 coth® u — T2 tanh® u

Multiplying (4.26) by coth® u, we obtain a cothu = % + O) asu — 0.

These formulae show that Rrv( ) < 0 and that the requirement { — Oasu — 0
implies tv(”’ ) — 0. So, we have x = O(u) asu — 0. Moreover, we can calculate
the analogue of (5.23),

i\ et 20x + L5’ - 2)(u +x)]
agr| ) = - 25 + Ou)
WV 2
— —tan (M + O ))
2u?
To calculate rvvv( ) we first notice that
i
tvw(?) = (u — 2b(cosh g + cosh p))i
1 h h
(537) —ib| 1 P
2 | (i +sinhg)? (i + sinh p)?2
_ib coshg cosh p b
- (i +sinhg)? (i + sinh p)2 ‘

The sum of the two fractions is

(cosh g cosh p — 2)(cosh g + cosh p) + 2i sinh(p + q)
(i + sinh g)2(i + sinh p)?

Using (4.6) and (4.10), we obtain

(5.38)

. . a a®-—T*? +2
(5.39) (i+s1nhq)(i+smhp):—1—{—21’54— 2 :—M4 + O(u).

The imaginary part of the expression in the square brackets of (5.37) is of order
O(u). Thus, Eﬁrvvv(%) = O (u). Direct calculations, using (5.37)—(5.39), yield

- i 32
Stypol — | = ————.
2 (1 +2)32

So, arg rvw(%) — —% asu — 0.
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Substitution of this expression, together with (5.36) into (5.28), yields

i+ 2x T

= tan — .
2u? 10
So, x = du* as u — 0, where § = (2/+/u + 2) tan . Combining this with (5.31)
after some algebra yields the second equation in (5.16). |

6 Postbreak Evolution: Higher Genus

In this section we show that conditions (2.19) with N = 1 are satisfied on and
immediately above the breaking curve #y(x), i.e., that there exists a function #; (x)
such that #y(x) < t;(x) < 400 and the region {x, 7 : tp(x) <t < t;(x),x > 0}isa
genus 2 region. We will show that 7 (x) = +oo for all x > 0 in the pure radiation
case u > 2. In the case 0 < u < 2, the questions of whether the genus 2 solution
breaks and if so how it breaks are still under consideration.

To obtain a genus 2 solution, we need to satisfy the conditions (2.28)—(2.29),
equivalent to (2.19), in the case N = 1, i.e., when the contour y,, = Y, 0 U ynf’l U
Y1 consists of three cuts: y,, o with endpoints (&g, @) as before in the genus 0
case, ynt , — a simple contour in the upper half-plane with endpoints (a2, a4) that
does not intersect y,, o and y,, | = an, |- As shown above, the conditions (2.29) with
N = 0 break at t = #y(x), when a point z, on y, satisfies 4’'(z9) = 0. According to
Theorem 3.1, the two functions 4 (z; x, fo(x)), determined by (3.4) for N = 0 and
N =1, coincide. Here for N = 1 we have o = («g, a2, ag), where o, = o4 = 2
and « is equal to o for N = 0. The MI system (3.5) and (3.9) with N = 1 can be
written as four moment and two integral conditions:

1 [dreds

mi)  R@Q
6.1) v
1 !
/h/(z)dzz / R(z)dzgf%zo,
),/\m,(' );m,c );

where k = 0, 1, 2, 3, the contours ,, = y,,.1 and ¥, = y,.1, and

R(z) =

We show that the solution « to system (6.1) can be continued into some region
P containing the breaking curve fy(x), and that all the required conditions (2.29)
are satisfied in Pt = {x,7 : fo(x) < t < f;(x)}, which is the part of P situated
above the breaking curve. Then the solution to (2.19) in P is given through (3.4),
(3.8), and (3.17). That allows us to calculate go(x, z, €) in P™ by solving the RHP
Pmod). gee Section 2.7.
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The proof that conditions (2.19) with N = 1 are satisfied in P* consists of
the following steps: a proof of the Jacobian formula (3.15), which establishes the
evolution theorem (Theorem 3.2) in Section 6.1; a proof that the system of MI
conditions (6.1), satisfied by o = («y, 2o, zo) on the breaking curve, has a unique
continuation into a vicinity of this curve; and that conditions (2.28)—(2.29), equiv-
alent to (2.19), hold above the breaking curve, Section 6.2. Differential equations,
satisfied by « in the genus N region, are considered in Section 6.3. The fact that in
the case u > 2 the entire region above the breaking curve #y(x) is a genus 2 region
is proven in Section 6.4.

6.1 Proof of Theorem 3.3

PROOF: We first prove the theorem for N = 1 and then extend the argument
for arbitrary N € N. In the particular case N = 1, the Jacobian formula (3.15)
becomes

9 2| R ()
6.2) ‘80{ j]_[‘

1_[(041 ) f (z1 —z2)dz1d2
i ! R(z)R(z2)

0 2R(OCQJ
Using
IR '(z,a) 1
oo T2z — aj)R(z, a)

and the moment conditions M}, given by (3.5), we obtain

63 VF; _ f dr@ds 1 @)
aa, T 227 (¢ —ap)RE) 27 R©) t=a
where k =0,1,2,3, j =0,1,...,5; all notation was introduced in Section 3.
According to (3.4), the latter ratio is well-defined at oz], j=0,1, , 5. Tt will
be denoted by % (a’ a
yield

an,ﬁsz(Z)dzif[ 1 } f1(©)deg
doj ) [¢—a z—a; ] —2RQ)
Vi,

lh(aj) / R(z)dz

2 R(aj) (z—aj)

6.4)
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Thus,
o o e as
2 2 2
ﬁ () %o o T os
3 3 3
iz 2R(a)) ap a3 a3
R(x)dz R@dz . R(x)dz
f?m (z—ap) f?m (z—ay) f)?m (z—as)
R(z)dz R@dz R(z)dz
f?p (z—ap) fﬁ: (z—ay) fJ?r (z—as)
h (Olzj / / dZ]d22
(6.5) 2R (@) R(z1)R(z2)
o oy e s
2 2 2
ao al o« e as
x det 3 3 3
ao al e as
MoGi—en  [MoGi—en  [ipi—an
(z1—a0) (z1—ay) (z1—as)
To—ap  [Tog—an . 1oz~
(z2—a0) (z2—a1) (z2—as)

To compute the latter determinant, note that

5 5
(6.6) [[e—a)=2"+) ¢,
1=0 1=0
where ¢, are the standard symmetric functions of «’s, for example, ¢; = — Z ;s
¢ = Zk< j ok, ete. The next observation is that the coefficients ¢, , of the
polynomial
1_[1 0(z — 0‘1) -1
6.7 —_ S 4 271,
(6.7) G —a) Z P61,
where s = 0, 1, ...5, are themselves polynomials in o of order  with coefficients
expressed in terms of ¢y, ..., ¢,. For example, ¢, = —¢| + o5, Pos = ¢ —

ayp1 + o, etc. Then, by adding proper linear combinations of the first four rows
of the determinant to the last two rows, we kill all but the last two terms in the
polynomials ¢4 ; and ¢s . Since

5 5 5
| | P Z 1 1
= - g = ————— _— —
¢5,S C{S ) ¢ ,8 [ — al as )

N
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the determinant from (6.5) becomes

2 2 2
% ] o5
3 3 3
% ] o3
4 4 4
o o o
0 1 5
(6.8) det 5 s s
% ¥ o5
5 1 501 51
[ 21:0 C7 lHzy —ap [ Zzzo o Hzy —op -+ las 21:0 o lz) —as
o Yo — -y [o1 Y gg — e —ar o las Yo g — a2 —as
=@ -] [-a).
j<l

where the last expression was obtained after taking proper linear combinations
of the last two rows and computing the corresponding Vandermonde determinant.
Combining (6.5) and (6.8), we obtain (6.2). The proof for N = 1 is completed.

In the case of a general N, we observe that the “Vandermonde part” of the first
determinant in (6.5) consists of the first 2N 4 2 rows, and the “integrals part” con-
sists of the last 2N rows. Taking the integration outside, we obtain the determinant
similar to the second determinant in (6.5), where the 2N + 2 + m)" row

(6.9) Ly = (po(zm)s P1@m), -+ Pan+1(Zm)) s
m=1,...,2N, consists of the polynomials

4N+1
(6.10) PsGm) =20+ Y pania ity

=1

Here ¢, = otf, + Zﬁ;lo ckaf and ¢ are symmetrical polynomials in o, j =
0,1,...,4N 4 1. Because of this structure of ¢, one can eliminate all terms
of degree z2V and higher in all the polynomials (6.10) by taking proper linear com-
binations with the first 2N + 2 rows of the Vandermonde part of the determinant.
Thus, we can assume that the polynomials p,(z,,) in (6.9) are

IN—1
6.11) Ps(an) = NN 4 N funga

=1
where $z,s are symmetric polynomialsin o, j =0,1,...,4N + 1.

To obtain a (4N + 2) x (4N + 2) Vandermonde determinant, we proceed with
the Gaussian elimination process within the rows L,,. In particular, subtracting
L,y from the rest of L,, and factoring out z,, — zon in each row, we obtain new
rows of the form

1 1
(6.12) LY = (2 —2m)(py", P D) s
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where
2N-1

— 2 — 1—
6.13) PP (@m. 2an) = 2N (2N — N + Z@m“mh@n

We continue the process by subtracting row Lé 1\)7— , from the previous rows LD

m
m=1, ,2N — 2, and factoring out z,, — zoy—1. Eventually the first row of the
mtegrals part will become (ozzN +2 a%N 2. oegxif) multiplied by ]_[,2212 (z1—z1)-
Using now the inverse part of the Gauss method we found that the m™ row of the
integrals part is (012N tltm fN tltm a%\fiﬁm ) multiplied by ]_[lzivm 1@m —

7). Thus, we obtain the requrred expression for the Jacobian

oF
6.14) |—| =
(6.14) ‘ 3
2N
2Mm H@ o)) H@ mﬂmw,
J< leycl VmNVLN I=
where the latter integral can be written as the determinant (3.16). ]

COROLLARY 6.1 For any nondegenerate o, the Jacobian (3.15)—(3.16) is different
Sfrom 0.

The proof of the corollary follows from the definition of degeneracy (see Sec-
tion 3) and properties of holomorphic differentials of the Riemann surface R of R.

Effectively, the corollary says that for our f the Jacobian is nonzero if all « are
distinct, since for all such « we have h'(z) ~ O(z — aj)l/ 2 when z approaches aj.
Moreover, we have seen in Section 4.6 that 4'(z) /(2R (z)) # 0 even if two or three
branch points «,; collide at some point z in the upper half-plane.

6.2 Transition from Genus 0 to Genus 2

According to Sections 4.5 and 4.6, the solution to (2.19) with N = 0 was
established in the region x > 0, r € [0, fo(x)). On the breaking curve itself,
i.e., whent = #p(x), x > 0, the inequality on the single complementary arc y"
in (2.19) breaks down, but all other conditions still hold. Thus, according to the
degeneracy theorem (Theorem 3.1), we can obtain a solution o« = (v, o2, 0tg),
where oy = w4, to the system MI (6.1) when (x, ) is on the breaking curve. Our
next goal is to show that this solution can be continued into a vicinity of (x t). The
solution on the breaking curve is degenerate, leading to the Jacobian | L1 =0. We
overcome this difficulty by using a smooth change of variables that transforms the
Jacobian (6.2) to one that is different from zero. We then show that the function
g and the constants W and €2, determined through « by (3.3) and (3.8), satisfy
conditions (2.19) with N = 1 in some region {(x, 1) : fo(x) < t < t;(x)} above the
breaking curve.
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Given some (x,t) and « satisfying (6.1), the RHP (3.1) uniquely determines
the function g’(z) by (3.3), which, in turn, uniquely determines g and 4. Let us
denote these objects by subscript 2, since N = 1 corresponds to genus 2N = 2.
Similarly, we will use the subscript O in the genus O case, i.e., when there is only
one interval y0+ with endpoints % and o in the RHP (3.1), where «( was calculated
in Section 4.1 and Ry > 0. According to the degeneracy theorem (Theorem 3.1),
the system of MI conditions (6.1) coincides with systems (4.2) and (4.88), and
ho(z; x,t) = hy(z; x,t) when (x,1), x > 0, is on the breaking curve. It also
follows from (2.19) and (3.8) that 2; = 0 and W; = Rh(wy). The case x = 0 and
t = zﬁ corresponds to g = op = aq = i/ + 2.

Let us now consider the behavior of the Jacobian (6.2) near a point (x, fo(x)),
x # 0, on the breaking curve, i.e., in the limit 2§ = o, — o4 — 0 and, correspond-
ingly, 28 = a3 — a5 — 0, when no other pairs of a’s approach each other.

LEMMA 6.2 There exists a constant A % 0 such that

oFr

(6.15) = A5 In 8|1 + 0(8)]

asé — 0.

PROOF: Note that there are exactly three zero level curves of Ik emanating
from any «;. That means A'(e;)/R(aj) € C*, ie., is finite and nonzero. The
counting of zero level curves of Ik shows that the latter fact would not change
if two or more points «; coincide. Thus, in the limit § — 0, the first product in
(6.2) approaches a certain nonzero value, whereas the second product behaves like
a nonzero constant times |§|2. To understand the behavior of the integral factor in
(6.2), note that

R = (e — L) =83 2((z — L)* — 89 1Ry (2)

(6.16) 1 1 1 Rl 4 o5
_ZiSL[ —L_z—i} o @I+ 00811,

where 2L = o + a4 and Ry = +/(z — ap)(z — a1). Thus, changing the order of
integration in the double integral in (6.2), we evaluate this integral as

/ dz /(Zl—zz)dZ1
R(z2) R(z1)

/s L—2 L—z 2

=T - dzs + 018 .

3L / |:R0(L)R(Z2) RO(L)R(@)} R
Ye

(6.17)

Note that the first term of the integrand has a singularity near the point z, = L
as § — 0, whereas the second term has a singularity near the point z, = L. To
evaluate the leading-order behavior of these terms as § — 0, we need to integrate
only in the vicinities of the corresponding points L and L, where we can assume
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R(z) ~ /(z — L)> — 82(L— L)Ry(L) and R(z) ~ /(z — L)®> — §>(L — L)Ry(L),

respectively. Substituting these expressions into (6.17), we obtain

~§L|R0(L)|2|:/ ,/(z—L)z / (Z_L)2_52:|

(6.18)

2 |: 2
/ } eIy
JL|R0(L)|2 (z — L)2 — 82 SLIRy(L)?

as § — 0. Here p* denote small pieces of the contour y, close to the points L and
L, respectively. Now we see that (6.15) follows from (6.18). g

By making a proper change of variables, we can reduce the Jacobian | to a
nonzero constant in the limit § — 0. However, we simultaneously need to show
that the entries of the corresponding Jacobian matrix are bounded as § — 0. To
find the required change of variables, we need the following statement:

PROPOSITION 6.3 There exists ¢ € [0, 2m) such that lims_,oargd = ¢.

PROOF: Let us write the first integral condition /; of (6.1) as

(6.19) J'(©)d [ Ao(z) + Ai(z, 9) dz=0.

ni ] RGO ‘-z

where R(z) = Ao(z) + Ai(z,8) with Ay ~ O(|§]*). Using the same argu-
ments as in (6.16), we obtain Ap(z) = (z — L)(z — L)Rp(z) and A,(z,68) =

82§ i + SZZ_L 1Ry (z) + 0(8%). Using residues, we compute the inner integral

as 271«9L[82 RO(L) — 52 RO(L)] Thus (6.19) becomes

W (L)Ry(L) - W' (L)Ry(L
(6.20) 271SL[82 (DIR(L) _ 52 W) Ro )] T+ o(8%) =
R(L) R(L)
W (L)Ro(L
amispa| s MDREI T L 62 o,
R(L)
Hence, in the limit § — 0, we obtain arg 8> = —6 + n, where 6 = arg %

and n € Z. Thus, the statement is proven.
Note that n can change only if (SZM passes through 0, i.e., only if § = 0.
Thus, the change of arg § cannot occur anywhere in a vicinity of a breaking point
but at the point itself.

THEOREM 6.4 A solution o to (6.1) on the breaking curve can be uniquely ex-
tended into some region containing the breaking curve.
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PROOF: On the breaking curve the system has a solution, as was shown above.
The change of variables « +— &, where @« = {wg, @1, L, L, 8,5}, changes the
Jacobian (6.15) by a constant nonzero factor. On the other hand, all columns of the

IF

matrix 9= are well-defined on the breaking curve except the partial derivatives

oF oF OF oF oF OF
(6.21) — =, =,
06 aOlz 30[4 06 30(2 30(4

where
3F 1R (a))
da;  2R(aj)

with C; denoting the j™ column in (6.5). It is easy to see that

h(az) (o)
R(z)  R(ay)

~0() asé— 0.

The first five entries of C, through C4 possess the same property, whereas for the
last entry, similar to (6.18), we obtain

1 1 R(z)dz
/ [ — :|R(z)dz =25
(6.22) s Lzmm J (@—o)(z— o)

Ye
~ 4i Ry(L)S(L)S In || .

The corresponding expression for £ is 4i Ry(L)I(L)S In |8]. Thus,

oF h/(L)R L)S(L)SIn |8 + O3
9 - 2RO o(L)I(L)S1In[8] + O(9),
(6.23)
i W(L)
=2 Ro(L)S(L)5n |8 + 0(@) .

95 R(D)

Introducing new variables o = 8 and 6 = 82, we obtain that the last entries of 3—5
and of % become

e _ LWL b s o1

B0 "2 R o(L)I(L)In|o|+ O(1),
(6.24)

I _1,h(E )R (LI(L) Ino| + O(1).

9 2 R@) "

All other entries of these columns do not have singularities in o.
Introducing now new variables s; and s, by

. Sl . _ .
(6.25) o=¢e¢ " —e s, G =2¢%,,
In |sy]
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where 6 was defined earlier as arg[MRo(L)], and using (6.24), we obtain

R(L)
o F 0 0 F, 0 0 F
_6 — _8—19_6 _,’_610__6 — 0(1),

(6.26) 052 do a0

| s _ w1 _0Fs

asy In|s;| 9o

Note that lns|i~1| = ¢! + ¢ %6 = £2|o|, where the positive or the negative sign

holds if argo = —0 orif argo = —6 + m, respectively. Therefore, In|o| ~ In |s|

as ¢ — 0. This implies that the second equation in (6.26) is O(1). Thus, the
Jacobian matrix in the variables «g, o, L, L, s, and s, is bounded.

According to (6.15), the Jacobian J; in the variables oy, o1, L, L, o, and & has
the leading term O(In|s]). Since

= —i6_1 1 —if
(6.27) 8(6, 0) = det e In |s1|(1 " In |S1|) _e'e ;’
a(s1, 52) 0 e In |s1]
the Jacobian J, in the variables o, o1, L, L, 51, and s is
d(0,0
(6.28) =1, 299 | _ 5
a(s1, 52)

as 0 — 0. We can now apply the implicit function theorem to show the existence
of a unique solution to (6.1) in the vicinity of xq. Thus, the proof is complete. [

LEMMA 6.5 The variable § = ay — a4 changes its argument by 7 when x is
crossing the breaking curve through a point (xg, ty), xo > 0.

PROOF: Let us first prove the statement for fixed #. If & denotes the variables
{ag, a1, L, L, 51, 52}, then, as it follows from the proof of the previous theorem,
&, = —(F;)~ ' F, is bounded near the point (x, o). We want to show that at least
one of the values (s;), = (&5), and (s2), = (Qs), is different from zero. In order
to do so, we calculate

OF OF (96 "
(6.29) — == .
Ja Jda \ da

Direct calculation shows that the 6 x 6 matrix g—g, written as a block matrix of 2 x 2
blocks, is

aa I 0 O 1 . e—i& e_i9
(6.30) — =10 I M| where M=~ ( Vo Ino] ﬁ) .
b \o 1 -m 2\ o &

Then the linear system of equations for &,, written in block matrix form, becomes

Fii Fo+ Fi3 (Fio— Fi3)M
(6.31) Fyy Fyp+Fy (Fp—F3)M | &, = —F,,
F31 Fyo+ Fz3 (F3o — F33)M

where £ = (F;},i,j =1,2,3.
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Let us now assume that (&s), = (&), = 0 and show that this assumption
leads to a contradiction. Indeed, taking into account (6.5) and considering the limit
8 — 0, the system (6.31) becomes the overdetermined system of five equations
and four unknowns

1 1 1 1
o o L L
(6.32) ol o L? L? B=—F,,
ag ozf L3 L3
R(z)dz R(z)dz R(z)dz R(2)dz
Ve z—ap Ve z—ai Ve z—L Ve z—L

where

B = Col(B1, B2, B3, Ba)

- COI (M(ao))ﬂ M(al))m h/(L) X h/(l:) ix) )
2R(ato) 2R(ar1) 2R(L) 2R(L)

Here we took into account the fact that all the integrals f);m in the fifth row of (6.5)
approach 0 as § — 0, so that the fifth equation in the system (6.31) becomes trivial
in this limit.

Using the same arguments as in the proof of Theorem 6.1 and the fact that
R(z) = (z = L)(z — L)Ro(z), and subtracting a linear combination of the first two
equations from the last equation of (6.32), we reduce the last row of the matrix in
(6.32) to

639 [ Colfaiic - 9) + o aic — )+ L2 = )+ L
& -+ L)%
Ro(2)’

where ¢ = 29 (g + L). Observing that this row is a linear combination of the
third and fourth rows of (6.32), we can rewrite the last equation of (6.32) after

some algebra as

L(z —ap)dz _0
o0 RO(Z) .
This equation is equivalent to IRg(L) = 0, which contradicts (4.46) and Lem-

ma 4.5. According to the arguments in the proof of Theorem 6.4, s, = o(s;) as
8 — 0. Thus, we obtain (s;), # 0, whereas (s,), = 0. This implies that

1

X — Xo 2

=0 —— asx — Xxg.
In |x — xo|

(6.34) X

Itis now clear that arg § changes by 7 as x passes through xo. According to (6.20),
the only way lim;_,( arg § can experience a change is when the point (x, ¢) crosses
the breaking curve. Therefore, the change of arg § by 7 occurs regardless of how
(x, t) crosses the breaking curve. The proof is complete. U
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FIGURE 6.1. Possible topology of the level curves of Jh.

THEOREM 6.6 Conditions (2.19) with N = 1 are satisfied in some region above
the breaking curve.

PROOF: To establish the existence of g in the genus 2 region, we need to
show that in addition to existence of the three main arcs with endpoints «;, j =
0,1,...,5, symmetrical with respect to the real axis, we also have the right topol-
ogy of the level curves of Jk(z, x, t), i.e., that Jh(z, x, 1) < 0 on both sides of the
cut from o, to ay. This condition is necessary for the required inequalities on &
to be satisfied. Considering branches of the zero level curves of Jh(z, x, t) in the
upper half-plane, we observe that there are three branches of this curve going to
infinity, two branches emanating from each of the points «g, o, and oy, and one
branch emanating from —4. One additional branch connects the points o and oy
and the points 4 and a. The only two possible topological portraits of zero level
curves of Jh(z, x, t), characterized by the sign of Jh(z, x, t) on both sides of the
cut o, and vy, are shown in Figure 6.1.

In the prebreak region the genus 0 asymptotics for the NLS (1.1)—(1.2) is valid,
so that the genus 2 asymptotics cannot be valid there. To be more precise, the
corresponding leading-order terms are different, and the error estimates from the
next section complete the argument. Thus, the sign of JA(z, x, t) on both sides of
the cut from «; to a4 before the break is positive. To show the transition to genus 2
asymptotics after crossing the breaking curve, we need to show the change of sign
of Jh(z, x, t) after the break.

Indeed, the function % is analytic in a vicinity of the main arc y," and has
limits as z approaches the endpoint o, or g of y,;f . Moreover, these limits continu-
ously depend on «; and ¢y, even if they coincide with each other. Thus, in a small
vicinity (say, of order 82, where ay — oy = 28) of o>, we have

B (@) = ho(z — )2 + 0(z — a2)? = K3z — )?
where K € C*. Then
2
h() = SKVo( - a3 (1 +o(1)).
Choosing arg(z — o) = arg §, we obtain
(6.35) argh(z) =2argé +argK .

Since, according to Lemma 6.5, arg$ changes by 7 after crossing the breaking
curve, we conclude that I/ changes its sign on the ray arg(z — o) = argd and
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FIGURE 6.2. Change of sign after the break.

small z — «, after crossing the breaking curve, providing 34 # 0. But the last
condition is guaranteed since z lies between zero level curves of J4; see Figure 6.2.

So, Jh also changes sign on both sides of the main arc y,! after crossing the
breaking curve. The proof is complete. ([l

6.3 Differential Equations for o

In this subsection we derive differential equations for «, which are used to
extend the solution to the system F(w, x,¢) = 0 of Theorem 6.4 from a vicinity
of the breaking curve to the region Q of the x, ¢-plane where all «’s are finite and
stay away from the real axis. The breaking curve itself cuts Q into two parts,
Q = Q% U Q°, which lie above or below the breaking curve, respectively. It
will be shown later that in the case u > 2 the statement of Theorem 6.6 can be
extended from a vicinity of the breaking curve onto the whole region O™, i.e., that
conditions (2.19) with N = 1 are satisfied in Q. That means Q1 C P™.

The system of equations F'(«, x, t) = 0, given by (6.1), gives rise to the sets of
ordinary differential equations

(6.36) a, = —(F,)"'F,
and
(6.37) o = _(Fa)_lFt )

where F, = % and the partial derivatives

5
1
FX:C01<0,0,1,§ZOQ,0,0>,
Jj=0
I 3¢ 1
_ 2
F,_4CO1(0,1,5§aj,§;aj+ZZaia,-,o),

(6.38)

i<j
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are computed using the residue formula at infinity. According to Cramer’s rule,

| Fjx|
(6.39) e = =17,
and
(6.40) (), = -l
|Fol
where «j, j = 0,1,...,5, denotes the J' component of vector «, and |Fj,| and

| Fj;| denote the determinant | Fy |, given by (6.14), with the j + 1™ column replaced
by F, or F;, respectively.

LEMMA 6.7 The solution o to (6.1), established in Theorem 6.4, has a unique
extension onto Q.

The proof of the statement follows the existence and uniqueness theorem, since
(6.36) and (6.37) are autonomous systems of differential equations, where the right-
hand sides are C'! vector functions in Q.

In the rest of this section we derive the equations for «, and «;. Let us first
focus on the equation (6.39). Since all but two entries of F, are zeros, we get

. W (a) 1<
(6.41) Fil = (=1 ] Msj— =) M),
ee) 2R (@) 24

where M; ; denotes the (/, j) minor of the matrix in (6.5). In particular,

(6.42) My = . . |
ao 051 e a4
2 2 2
// ledZZ det ao o e oy ’
R R
Vm c S(Zl) 5(22) I—[?:O(Zlial) H?:O(Zlial) e M
(z1—a0) (z1—a1) (z1—0y)
MioG-a) [lloGe—a) [ioka—a)
(z2—a0) (z2—ay) (z2—0y)
where
5
R(2) vV [Tz —a)
()= ——m.
(z —aj)
Note that if
l_[(z —a) = Z%z :
m=0

where the ¢’s are standard symmetrlcal functions of «, a1, o, a3, and oy, then

Hz 0z — Z‘/fmz ’

(z — Olk)
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where
(6.43) Um =0+l ¢+ + ¢, m=0,1,2,3,4.

Taking the linear combinations of the rows in the determinant in (6.42), we can
reduce the last two rows so that the k™ entry in these rows becomes a,le,g +
a,‘: — a,fq&], respectively. It is now easy to see that the latter determinant can
be reduced to a Vandermonde determinant, and we obtain M, ¢ = ]_[;Kl(ozk —

a) [, . /5 y G-w)dudy where the prime denotes the absence of the considered «;

Rs(z1)Rs(z2) °
in a product or in a sum. The same arguments lead to

(z1 — z2)dz1dz2
(6.44) My j1 = g(ak —061)// Ri(z)R;(z2)

Applying similar arguments, we find

(6.45) M;6 = 1 1 . 1
(XO 051 e a4
3 2 3
/ f dzidzy det o o . al ’
R R
5(z1)Rs5(22) MgGien [MhoGia)  [lgGia
ym e (z1—a0) (z1—oaq) (z1—a4)
Mio@-a) [ToG—a o=
(z2—ap) (z2—0a1) (z2—0a4)

so that the entries k,m, k = 0,1,2,3,4, m = 5, 6, of the last two rows of the
determinant can be reduced to

(6.46) QP (Z2 g+ Przma + o) +af

Taking linear combinations of the last two rows, we obtain

2 —2)ldz d
M6 = — (ak—az)// [z} — ) + ¢1(z1 — 22)]dz1 d2o
k<l

Rs5(z1)Rs(z2)

and, similarly,

2 —
(647) Mz jp = H(ak—al) / / [} — ) + b1 (@ — 2)ldz1dzs
Ym Ve

P R;(z1)R;(22)
Using the same routine, we obtain
(648) M2 j+1 =

[(z3 —23) + ¢1(z} — 23) + (21 — 22)1dz1 dzo
H(Olk — ) :
R;(z1)R;(z2)

k<l
Vm C
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Thus, according to (6.41),

; h
|Fjil = (=17 l_[ %

(6.49)

x l_[(ak _ Olz)/ [z} — ) + (o — 3 X )z — 22)ldz1dzs

P R;(z1)R;(z2)

so that, using (6.2) and (6.39), one obtains

650 (@), = ZhR((“")) [T - [(a,. L &} |

where
dzp dz; A dzp A dz)
fuz- R(z2) fAm R(z1) D, . = det f Rj(z2) fm Rj(z1)
22d22 /A z1dz) - f Kdz /- Kdz

m R(z1) Ve Rj(z2) i

(6.51) D =det (
Ve R(z2) Pm Rj(z1)

Let us now derive the equation for «;. Similarly to (6.41), we obtain

IFil = (— 1)f+41_[ LA

2R (o)
(6.52)
( ZaJM3] 2,j [ Za + - Za,aj]M4])
i<j

which, together with (6.44), (6.47), and (6.48), ylelds after some algebra

2R (o)
6.53 D =
653 (@) ==

(4otj2 — 20 Zk o + Zi<k oy — Zk ot,%)DLj + 4(atj — % Zak)Dz,j +4D3 ;
an;ﬁj(ak_aj) .

6.4 Postbreak Solution in the Case u > 2

In this section we first show that in the case u > 2 solutions to (6.1) o;(x, 1),
j=0,1,...,5, are bounded and stay away from the real axis for any compact set
S of the (x, t), where x > 0, t > 0. The proof of the corresponding Theorem 6.8,
given below, can be found in the forthcoming paper [34], since it fits naturally
into its context. We then prove that o stays nondegenerate in the whole postbreak
region.

Let us start by transforming the contour of integration y in the four moment
conditions M,
1 kfi@)d
654 1w
i R(¢)
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FIGURE 6.3. Deformation of .

k =0, 1,2, 3, into the sum of two contour integrals encircling the upper half-plane
and lower half-plane parts * of 7. The only point where these contours intersect

Ris z = 5. The value of the integrals will not be changed if we add the con-

stants j:%” to the integrand in M3 in the upper and lower half-planes, respectively.
Deform the contours $* to unions of R and the corresponding large radius semicir-
cles C*. In the case u < 2 we should also include the segments [0, ==7'] to these
deformations.

To compute the integrals in (6.54), we rewrite f'(z) from (4.3) as
Z

655 f@="14m L P az =T 4 fo)
. Z_z Z_/“L > Zz X Z_Z Z),

2

where the logarithm terms have cuts along [0, 5] and [—T, T'], respectively. Note
that f(z) is analytic at infinity, so for this term the contour of integration could
be deformed into a circle of some large radius, and the value could be computed
through the residue at z = o00; see Figure 6.3. Because of Schwarz reflection
symmetry, the combined integrals over R yield

1 R ©de _
656 = Je TR k=012,
' lf [C3@O-ROE  p 3
7 JR R(©) ’ -

Note that, according to (6.55), If'(¢) = Fif ¢ < —T or¢ > % and I f'(¢) =
—SifT <¢ < % and is equal to 0 on (—7, T'). Thus, replacing R(z) by |R(¢)|
along R (i.e., replacing R(¢) by —R(z) for ¢ > §), we get Jf'(¢) = —F sign¢

if || = T and O otherwise. Therefore, for the solitonless case n > 2, the moment
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conditions (6.54) become

(MO) / M:O, (Ml) M:St,

1363 IR(Q)|
[1=T [¢|1=T
¢signg dg
(6.57) (M>) RO =2x +8t2a2],
[>T
[¢%sign¢ — |R(D)[1dE 2
=2 i+ 8tK —u+2T,

where a; = a; +ib;, the quadratic form K (@) = 1 3", (az;+axn)?— 1 Y7_ b3,
and

(6.58) IR@)|=]]lz—ejl. zeR.
j=0

One has to take the Cauchy principal value of the integrals in M, and M3. In the
case u < 2 the value of T becomes purely imaginary. Thus, we have to integrate
the integrals on the left-hand sides of M; along all of R and add the integrals

2i fo \sm d¢ to the corresponding right-hand sides.

PROOF OF LEMMA 5.2: In our present notation, we have zg = o, = a4 and
o = ap. The condition My immediately implies e, < 0. It is also clear that
Nay = 0 requires Noy = 0, which, according to results of Sections 4.5 and 4.6,
takes place only at the breaking point x = 0, ¢t = SRS But if x > 0, then
NRay > 0 implies Rop, < 0. The last statement of Lemma 5.2 also follows from My

immediately. This completes the proof. U

THEOREM 6.8 If u > 2, then for any compact set S of the parameters x > 0,
t > 0, the values of a; satisfying (6.57) are bounded and separated from R.

Theorem 6.8 shows that in the case © > 2 a collision of «’s cannot happen
anywhere on the real axis, including the point z = oco. Note that the assumption
@ > 2 rules out any singularities of f(z) in the upper half-plane. Let us show that
« stays nondegenerate in the whole postbreak region. Then, according to the evo-
lution theorem (Theorem 3.2), conditions (2.19) with N = 1 can be extended from
some region above the breaking curve (see Theorem 6.6) to the whole postbreak
region.

THEOREM 6.9 In the case p > 2 the solutions of equations (6.1) satisfying the
boundary condition ay = a4 and Roy > 0 on the breaking curve have a unique
continuation into the entire region above the breaking curve t = ty(x). Moreover,
all the conditions (2.19) with N = 1 are satisfied in that region.
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PROOF: According to Theorem 6.4 and Lemma 6.7, such a solution exists in
aregion Q7 above the breaking curve, where the «’s are bounded and distinct. If
the o’s stay distinct, conditions (2.19) with N = 1 can break only if one of the
inequalities in (2.19) breaks. That would require another branch of a zero level
curve of I to intersect the contour y. But in the case i > 2 such an extra branch
has no place to originate from, since three branches of the zero level curve of JA
going to infinity already exist. (Note that in the case &t < 2 such an extra branch
could originate from the vertical cut [—-7, T'].) Since the «’s stay bounded and
away from the real axis for all # > 0, it remains only to prove that after the break
the points o, oy, and a4 stay distinct.

Let us first use (6.57) to show that «g, oy, and o4 cannot become equal after the
break. Indeed, if they are equal, then, according to My, the common point oy = ib
is on the positive imaginary semiaxis. Then, according to M;, we obtain x = O.
Direct computations show that the remaining conditions M, and M3 determine the
corresponding b and ¢ uniquely. But such values by = /u + 2 and 1y = m
have already been determined for the first break. Thus, the case @g = ay = a4 is
excluded.

Let a4 denote the last branch point on the arc of the zero level curve of 34 = 0
in the upper half-plane connecting 5 with —4. Then the only possibilities left
for collision are between o, and o4 and between o and «,. Indeed, the collision
between ¢y and a4 leads to a contradiction since it would imply the existence of a
nontrivial (since the angles at o, are %) loop ap—ctr—ary of the zero level curve of
the harmonic function J4.

Suppose that some point (x1, ;) in the postbreak region is a point of collision
of a, with «g or a4 (double point), denoted by zy, where & denotes the remaining
branch point. Then the contour y* consists of the main arc y,, connecting 4 with
@ and the complementary arc y, connecting & with —%.. The double point z, is also
on the contour y*. Note that, according to My, & and z, are situated in opposite
half-planes. In the case of the ap,—0y collision, @ = gy and zg = o, = a4 lies on
.. In the case of the og—a; collision, & = a4 and zg = oy = > lie on .

Let tp(X) = 1, where X > x;, and now let (x, #;) be the first collision point on
the line ¢ = ¢, to the left of the breaking curve; see Figure 6.4.

According to the degeneracy theorem (Theorem 3.1), the point ¢ satisfies equa-
tions (4.1), so that either R > 0 or Ra < 0; see Theorem 4.1. Let us show that the
former case is not possible. Indeed, let &(x, t;) and zo(X, ;) be the branch point
and the double point at the point (X, t;), respectively. Let us consider a curve 6
passing from some fixed point on the interval (=%, 5) to ioco through zo such that
Sho(z) < Oforall z € 0 except z = zo; see Figure 6.5. According to Lemma 4.5,
Sho(z) < Oforallz € 6, Rz <0, whenx < X and ¢ = #;. So, there can be no dou-
ble point zo(x, t;) in the left half-plane. But, according to M, Nzo(x, t;) < 0. The
obtained contradiction shows that the case e > 0 is excluded. (In the case when
ym “veers” into the left half-plane, zo(X, #;) cannot be inside a “loop” of y,, where
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Y

=

_lu'/z

FIGURE 6.5. Curve 6.

Shy(z9) < 0; see Figure 4.4. Indeed, it would contradict the fact that Jh(z) > 0
forall z =a +in, n > b; see Figure 4.7 and the proof of Theorem 4.10.)

Thus, we have to consider the case i < 0 and fizy > 0. If the double point
Z0 € Ym (see Figure 6.6), then the conditions (2.19) with N = 0 are satisfied for all
x € [0, xy), t = t1, due to the fact that J4,(z) > 0 above y when Rz > 0 and due
to the topology of zero level curves of Jh(z).

If the double point zy € y, (see Figure 6.7), then Ik, (z9) < 0, since otherwise
the conditions (2.19) are satisfied with both N = 2 and N = 0 when x € (x1, X),
t = t1. Then, according to Lemma 4.5, the point zq lies “below” y,,. So, conditions
(2.19) with N = 0 are satisfied for some x < x; that are close to x;. We can now
claim that these conditions are valid for all x € [0, x;), + = #;. Indeed, the only
way for them to have (the first) break at some point (x, #;), where x € [0, x;), is for
the branch of the zero level curve of Jh that starts and ends at infinity to reconnect
itself to y+ at some point zo(x, #;). Note that reconnection to y, is impossible due
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i
i
—p2 0 12

FIGURE 6.6. Case fta < 0, zg € Y.

o

-;f/z
FIGURE 6.7. Cases Ra < 0, zg € y..

to the sign structure of Jhg. Since Nzp(x, t;) > 0, we have that Ik, at (zo(x, #1))
is negative. Thus, reconnection at zo(x, #;) is not possible, since it would mean
that conditions (2.19) with N = 0 were violated before the point (x, #;) (for some
larger x).

Thus, any collision of «’s at the point (x|, #;) above the breaking curve implies
that conditions (2.19) with N = 0 are satisfied for x = 0 and some ¢ > #,(0),

where 1,(0) = m Let us show that this is impossible.

At the breaking point (0, #y) the branch point « = i/ + 2. The topology of
zero level curves of Ik is shown on Figure 6.8.

After the breaking time, o moves either to the right or to the left half-plane
according to Theorem 4.1. In the former case, there can be no zero level curve
of Jho(z) connecting o and —4 for ¢ > ¢, due to the “sea of minuses,” since
Sho(ia/i +2) < 0. In the latter case, there can also be no zero level curve of
Sho(z) connecting a and & for ¢ > #y. Indeed, this level curve cannot pass through
the positive sector above i+/u + 2, because Jh,(z) is positive there, and cannot
pass through the negative sector below i/ + 2, because Jh,(z) is negative there.
At the point i/ + 2 itself, the function Ik attains either positive or negative
values, depending on what sheet of the Riemann surface of iy we are considering.
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FIGURE 7.1. Basic cycles.

Thus, conditions (2.19) with N = 0 cannot be satisfied for x = 0 and any ¢ > #,(0).
The proof is complete. g

7 Solution of the Model RHP

7.1 Riemann-Hilbert Formalism for the Inverse Scattering Problem

In this section we derive the explicit solution of the model RHP P ™Y With the
cuts along the main arcs y,,, we construct a hyperelliptic surface with a canonical
homology basis as shown in Figure 7.1.

The dotted curves pass through the second sheet. The cycles {«;, B j}f\; =) form
a canonical homology basis, where 2N is the genus of the surface, N > 0. Now
we are aiming at eliminating the diagonal part of the jump matrix V™9 by intro-
ducing a function g(z) as follows: Set ™Y = py™od)=2G/&)203  Then the RHP
P ™) ig transformed into the RHP P mod): nﬁfmd) = n~1(_m°d)\~/(m°d), where

(7.1) 7 (mod) _ ezgg’,@ V(mod)e—2g§+a3 .
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On the main arcs the matrix V™9 ig

2% w5 s
(7.2) {7 (mod) _ ( 0 e~ Ew—g g+>)’

et W=g-—%1) 0

whereas on the complementary arcs V™9 is

(7.3) ymod) _ ,20(Q+g-—g4)os

It is now clear that to eliminate the diagonal part we have to set the RHP for
g as:

(7.4) [§+(Z) — g (z2)=Q whenzey,

g+(@)+g. () =A whenzey,.

Here Q@ = (Q_p, ..., 21,2, ..., QN)T, where the real numbers €2;, k > 0, are
defined in (3.8) and, according to the symmetry condition, 2_; = 2. The 2N +
1)—dimensional vector A consists of 2N constants A, € C, k = £1, +2, ..., £N,
to be determined and Ay = 0. In fact, these constants are determined uniquely by
the solvability of the scalar RHP (7.4). Here and henceforth we keep the notation
A forthe vector A = (A_y, ..., A1, Ay, ..., AN)T.

Now the RHP P™° hag no jumps on the complementary arcs, whereas on the
main arcs Y, x, kK = £1, £2, ..., £N,

2i
- 0 e~ Z(Wi—Ap)
(mod) __ )
(75) Ve E (_ei—f(Wk—Ak) 0 ’

and V™9 = iy on yo = v, Uy, . Here v =y, fork > 0and v = v, _;
for k < 0. The same convention is applied to y, x.

Next we proceed to determine A. Using the convention of (2.19), i.e., that A =
Ag and Q = Q; when z € Y, Or Z € Y, respectively, k = +1,£2, ..., £N,
the function g(z) has the Cauchy representation

(7.6) ~<>—R(Z)U A d:+f—Q d:}
: 8 =5 y (¢ — 2)R4(0) J ¢ —-2R©Q) ]

By requiring that g(z) in (7.6) be analytic at oo, we obtain the system of mo-
ment conditions

(7.7) / A gf'd;+/ Q;/’d;—o =0, 1 2N —1
' R (0) RO T TR ‘

VYm Ye

If this system is uniquely solvable, then the symmetries of €2 and of cide/R(¢)
would produce the symmetry Ay = A_;. To solve system (7.7), we may use
holomorphic differentials. The Riemann surface theory gives a basis v = (w_y,
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WO_N+1,--.,0_1, O], ..., wy) of holomorphic differentials dual to the o cycles;
see Figure 7.1.
(7.8) /a)k:jk, ljl, [kl =1,..., N,

a;

where §;; denotes the Kronecker symbol. Each of these differentials w; has the
form w, = B k (Z) dz, where Py (z) is a polynomial of degree less than 2N. Thus the
linear comblnatlons of (7.7) produce the system

(7.9) /Aw,(;)Jr/szwj(g):o, lil=1,...,N.

VYm Ye
Using (7.8), we obtain solutions to (7.9) as

(7.10) Aj:—zfszw,, jl=1,....N.
Ye

With the choice of A given by (7.10), the RHP P P mod) s supported only on y,.
Define W € C2¥ as W = W — A. Then W has the symmetry

(7.11) Wk:W_k.
The jump matrix V™% is now given by
2i i
~ 0 e =W
7.12 ymed — ;
7.12) —etW 0

on y,,. Tllis RHP is very similar to that from [14] except here we have in general
nonreal W. However, we will adopt a slightly different approach for this RHP.
The Riemann period matrix is defined as

(7.13) t=(rkj)=(/a)k), ljl, k|l =1,...,N

j
T is known to be symmetric and pure imaginary, and —it is positive definite. The
Riemann theta function is defined as
(714) G(S) — Z eZni(l,s)-‘r]ri(l,‘L’l) , s e (CZN .

leZ*N

The theta function satisfies

(7.15a) 0(s) = 0(—s),
(7.15b) 0(s +e;) =0(s),
(7.15¢) O(s + 7j) = eI (s)

where e; is the j™ column of Lyxoy and 7; = te;. We call b = Z*N + tZ*N the
period lattice of the theta function.
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Denote u(z) = fazl w and

0@ — L +d) 0(—uz)— L+ d))

(7.16) M(z,d)E(Ml,MzF( Ouiz) +d) = 6(—uz) +4d)

where W = —2é(W_N, R W_l, Wl, R WN)T and d € Z*N is a vector to be
determined. Although u(z) is multivalued, M(z, d) is single valued and meromor-
phic away from y,,. Moreover, M satisfies
e_%w
70

)

e

(7.17) M, = M_ (

on y,, (see [41]).
Introduce

Az) = (z—aoﬁ (z — o)) (z — ogj—1) )‘l*

(z —a4j2)(z — agj11)

with branch cuts along y,,,. We choose the branch of A(z) such that lim,_, ., A(z) =
1 and that Ay = iA_ on y,,. One can directly verify that

(7.18) N, = N_ymed
where

o Mi(z,dy) —iMay(z,dy)
(7.19) N@) =217(@2) (—iMl(z,dz) Moz ) )

We need to choose vectors d; and d> such that N (z) is locally L? at the branch
points o, k = 0,1,...,4N + 1. According to the theory of Riemann surfaces
[17], we may set

1
(7.20) dy = / w=§(1,1,...,1)Te<c2N

Ym\Ym.,0

so that 6 (u(z) %+ d;) has exactly 2N zeros (of square root type) at the beginnings
of arcs ¥, j, |j| = 1,..., N. Note that d; = — fVm.O  because w is analytic at
infinity. Similarly, we may set d, = 0 so that 6(u(z) + d) has exactly 2N zeros
(of square root type) at the ends of arcs y,, ;, |j| = 1,..., N. According to (7.19),
N (z) has at worst quarter root type singularities at the endpoints «; of the main
arcs. Thus, we conclude that A/ (z) is a fundamental solution to the RHP V(mOd),
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which has not yet been normalized at infinity:

_ [ Mi(oo,dy)  —iMs(o0,dy)
N (oo) = (—i/\/ll(oo, 0)  Ms(co,0)
72 Ou(o0) — Lt d))  O(u(00) + AL +dy)
. —i
_ 0 (u(oo) +dy) 0(u(o0) +dy)
0 (u(00) — 5= 0 (u(00) + 3=)
6 (u(c0)) 6(u(o0))

Note that some symmetry in (7.21) can be observed by writing u(c0) +d; = OZ)O .
In order to find the final, i.e., the normalized, solution to the RHP, we need to
know g(00).

As shown in [17], there exists a unique monic polynomial P(z) of degree 2N
such that

P .
7.22 —dz = =1,... .
(722) /R(Z) 2=0, |jl=1,....N

o)

This equation, combined with (7.6) and (7.7), yields

~ 1 2N 1 Y
— A+ — | =2y
s =0 kot Yt ) Rt #
Ym Ye
- P@c+ o [ 2P
(7.23) " 2mi ) Ry i ] R
Ym Ye
1 QP
_ b (¢) dc
i | R@)
Ve
According to (2.33), m™9(co) = 24097 and D = D e2t80,
hence /#7M°9 (7) = ¢2:18(00)=8(0)lo3 Ar=1(50) A/(7). Then in the limit & — 0
(7.24) m(2)(z) — eZé[g(OO)—g’(OO)]UaN—l(OO)N(Z)e—%[g(Z)—E’(Z)]% .
From (7.21)

(7.25) det N (o0) =

0(u(00) — L 4 d)Au(00) + L)+ 6(u(00) + L + d))f(u(o0) — L

6 (u(00) + d)B (u(o0)) '
Alternatively, taking into account that det \/(z) is constant in z, we obtain
0=+ d)O() + 6L +d)o(—
0(d1)6(0)
0(—3= +dO(G5r)
6(d)6(0)

det V' (00) = det N () =
(7.26)
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Here we have used the fact that d; is a half period.
We now compute

(71.27) NN (@) =

AT Mo (00, d)Ma(z, 0) — AM, (00, )M (z,dy) A -
i =—4+0()
det V' (00) b4
as 7 — oo. Direct calculations show that for any period 2d € C*V
;N
M) =143 ;(Ouj—z —ay) + 0@,
1. 0(o0) + & +d)
= 1—-VI1 u
Ma(z,d) = My(o0, d)[ L o)+ d)
(7.28) -0’ + 0(z‘2)}
Vo ¥
— Ma(oo, d)[l - 1( (w(00) + 57 +4)
Z\ O(u(00) + = + d)

VW) + )Y o
e(u(oo>+d>> v ok )}

w

as 7 — 00, where o' is the leading coefficient for ’;—Z, ie., w~ ";—; dz. Taking into
account (7.26)—(7.28) and (7.15), we obtain
M (00, d)) Mz (00, 0)
det NV (c0)

N
X |:T9 Z((Mj—z —a4j) +iVin
j=1
B 6(0)0(dy)
(7.29) ™ 20(u(00))0(u(c0) + dy)
Do) + 2x T dDOu(00) + 57

oL 4+ do(L)

A=

Ms(u(00), d) -a)o]
M (u(00), 0)

0(u(00) + L 4+ d))6 (u(o0)) _wo}

N
5 oy —au)+iVI W
X [ 92(“4; 2 —a4;) +iVin 6 (u(00) + d)f (u(00) + 5

j=1

If we write m® = I +m'\” /z4 0(z72) as z — o0, then the leading asymptotic
term for the solution is given by

(7.30) Qox, 1, 8) = —2(mY) , = —2Ae*ECI=EN
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where expressions for A and g(oco) are given in (7.23) and (7.29), respectively, and
according to (3.17),

_ 1 [fO+W e
@30 g0 =2 | s P(c)duszR@P(;)dc.

Ym Ye

Let us now summarize the results of the present section. Let the values (x, ¢) for
the initial value problem (1.1)—(1.2) belong to a genus 2N region. Let o (x, 1), j =
0,1,...,4N + 1, be the branch points that determine the corresponding Riemann
surface R, and let the corresponding vectors W, Q € R?Y be determined according
to (3.8), (7.10), and the comments after (7.4).

THEOREM 7.1 In the region of genus 2N the leading-order term of the solution
(as & — 0) to (1.1)—(1.2) has the form of

(732) (/IO(X» t» 8) = _2Ae£ fJ/m ‘f%{)(?)(;) dg .

Here the order 2N polynomial P(z) is determined by (7.22), and A is given by
(7.29), where

e the vector ' is a leading coefficient of the basic holomorphic differentials

w for R, dual to a,
o u(z) = fazl w, and

o W=-2iW+2[ Qu)andd; =}(1.1,....DT.

8 Alternative Formulae for Solving the Model RHP

An alternative way of solving the model PHP P (™9 (2.31) is based on the
observation that, due to the Schwarz symmetry of the problem, the constants W;
and £2; attain the same values on the arcs an ; and yfj, respectively. Therefore,
the contour £ ™9 can be deformed, as shown in Figure 8.1, into the new contour
> mod) that consists of 2N 41 vertical segments U connecting the branch points oy
and apy = a1, Kk = 0,1,...,2N. The thin solid and dotted lines in Figure 8.1
show deformations of main and complementary arcs of %9 respectively. (In
general, the order of oy along the contour ™9™ does not necessarily coincide
with the order of —Ray, k = 0,1, ...,2N, as shown in Figure 8.1. However, if
necessary, we can always deform some vertical cuts v into curves, connecting the
same endpoints and symmetric with respect to the real axis, so that the order in

which they intersect the real axis coincides with the order of a; along the contour
b (mod) + )
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O \Y %2_ ~ Vel
- = . c2 AN
Vm2 \s . o,
as
< Vi
7, =,
Oy
. L
V-2 ,( %
- -7 Ve

FIGURE 8.1. Deformation of the contour ¥ ™9 jnto 3 Mmod),

We can set an equivalent RHP for the matrix function m ™°%(z) with the contour
».(mod and constant (in z) jump matrices

—1

0 e EWi e R 0

(8.1 %y g —

—e<e ") O O e ¢ j+1
0 ot (Wj=Qju1)
_e%(wj_Qj-H) 0

onvyj, j=0,1,..., N, and, correspondingly,
2i

0 e~ = Wi—))

—e e Wi 0
onvyj_y, j =1,..., N. Inorder to normalize this RHP, we introduce

’h(mod) — e—éQ]U’jm(mOd)eéQ]O} .
Then the RHP P™°9 for the matrix /™9 becomes
(8.3) RHP P (mod — jjpmedymod)  yhep 7 ¢ Hmod)
where the contour ™9 = U?IZVO v; and the piecewise constant jump matrix

O e_%(Wj—QjJrl'i‘Ql)

N
—eT W=+ 0

8.4) - whenz € Vy;, j=0,...,N,
. = 9 )
0 et (Wj—9;+Q)

e T W=Q+ Q) 0

whenz e vy, j=1,...,N,



SEMICLASSICAL SOLUTIONS TO NLS 967

S
<t =™
IS
NIl
P,
<t =

SZ
£

FIGURE 8.3. Basic cycles A; and B;.

and /™Y (c0) = e?/#)8(2)93; gee Figure 8.2. It is now clear that V™ = ( 91y
on V.

To simplify notation, we write the piecewise constant matrix

- 0 eifz
8.5 y (med) — ~ )
8.5) (_e_,Q . )

where Q attains the corresponding values on each vertical segment vi, j =0,1,
..., 2N. We also denote by &; and Ej the beginning and endpoints of the segment
V; (so that ap = a4, l§0 =g, 0 =, ..., BZN = a4n+1); see Figure 8.2.

As in Section 7, we introduce the canonical homology basis A;, B;, j =
1,..., N, of the hyperelliptic surface R(x, 1), determined by the cuts v; of RHP
P ™D see Figure 8.3. The dotted curves in Figure 8.3 are passing through the sec-
ond sheet. Some notation from Section 7, like w, 6, etc., are used in the present sec-
tion with respect to the hyperelliptic surface R(x,t) and homology basis A;, B;.
In particular, we introduce u(z) = fofo w, where w = (w1, wy, ..., wyy) 1s the basis
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of holomorphic differentials dual to A cycles, i.e.,
(8.6) [ o=t
4

j,k=1,..., N,and vector

’

0 — 2 4q) o(— _Q 4y
(8.7) M(z,d)E(Ml,Mz):<(”(Z) L+d) 0(—u(x) — 5= + ))’

Ou(z) +d) O(—u(z) +d)
where © = (Ql, Qz, R QZN)T and d € Z*" is a vector to be determined. Then
M satisfies

0 eiﬁ
(8.8) My =M_ (eifz 0 )
on 3 (mod) (see [41]).
Introduce

2N ~ 1

z—Bi\?
(8.9) Mz) = (H —f)
=0 -0

with branch cuts along v;. We choose the branch of A(z) such thatlim,_, o, A(z) = 1
and that A = iA_ on v;. One can verify directly that

(8.10) Ly =L_Vmd
where

@11 L(z) =

10 0@ +2" @Mz d)  —i((z) =2 (@) Ma(z, d)
2 i@ =2 @IMi(z, —d)  (M(2) + A7 (@)IMa(z, —d) )

If A(z) — A~'(z) has precisely 2N simple zeros z1, 22, . . . , Zoy» We choose

N X2(z;)
(8.12) d:—Z/ w;

j=179

where X»(z;) is the preimage of z; on the second sheet of the hyperelliptic surface.
This choice of d implies that £(z) is analytic off £ ™9, So,

(8.13) MO (7)) = 7809 £=1(60) ()
is the solution to the RHP V mod and

(8.14) Mo (2) = ¢ ECIHI7 L1 (06) (7)™ £
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Using now the fact that

2N
(8.15) rMz) =22 = ZLZZ(&,- —B)+0(E? asz—> o0
=0

and

2i
m? — mmoDe= 83 a5 Q)

we can rewrite (7.30) as

qo(x, 1, 8) = =2(m}”)

P\ Ma(o0,d) S~ - s
(8.16) = <—>7 (@; — B;)e =280+l
2 /\/ll(ooA, d) ; o
_6o0) + £ — dB(o0) +d) 3y 2ZN(_1),-b_’
0 (u(00) — 5= + d)B (u(c0) — d) =

where, according to (3.17),

1 SO+ W ,y lf Q N dg

8.17 =— | —/—¢'d —
(8.17) g(00) ¢ dg + 5 — RQ)

2mi R () 2mi

Ym Ye
We can now restate Theorem 7.1 as follows:

THEOREM 8.1 Under the condition that A(z) — A~ '(z2), defined through (8.9), has
2N simple zeros, the leading-order term of the solution to (1.1)—(1.2) (as ¢ — 0)
has the form (8.16) in the region of genus 2N.

The expression (8.16) for go(x, ¢, €) looks somewhat simpler than (7.29); how-
ever, it is worth mentioning that the constant vector d in (8.16) requires additional
calculations, and, most importantly, it is not clear how to check the condition about
zeros of A(z) — A~!(z). Another advantage of expression (8.16) is that the constant
vector Q2 in the argument of theta functions (which grows like O(s¢~') as ¢ — 00)
is real. Because of that latter fact, we calculate below m™°% through the RHP
pmod exactly as in Section 7 (i.e., without any conditions on A(z)) and get the
following version of Theorem 7.1:

THEOREM 8.2 In the region of genus 2N, the leading-order term of the solution to
(1.1)-(1.2) (as € — 0) has the form

(8.18) Go(x, 1, €) = —2Ae* 280+
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where g(00) is given by (8.17) and
_ M (00, di) M3 (o0, 0)

A det NV (00)
2N
A Mau(eo), dy) 0]
— — @) +iVIn O
X[ “g(ﬁ’ R VN TN
I ey 6woe) + 2 +deu(oo) + £
 0((00)8(u(00) +dy) 02 +do()
2N Q
) [_ S ity 4 i1 PO+ + B0 ‘wo].
j=0 O(u(oo) +di)0(u(oo) + %

Here theta functions, differentials w, and M(z,d) are defined through the hy-
perelliptic surface R(x, 1) associated with the contour L™ j.e., through the
vertical cuts v;, j = 0,1,...,2N, and the canonical homology basis A;, Bj,
j=1,..., N; see Figure 8.3.

9 Proof of the Error Estimate (1.12)
in the Main Theorem (Theorem 1.1)

To complete the proof of the theorem, it remains to construct the parametrix
at % and establish (2.37). In our derivation of the parametrix near % and of the
error estimate (2.37), we will make repeated use of some general formulae, derived
below. To estimate errors in an RHP m, = m_v, m — [ as z — 0o over a contour
I", one needs to consider certain singular integral equations for RHPs. One of the
equations we may use is

9.1) m_=1+Crm_(v—1),

where the Cauchy integral operator Cr is as described in Section 4.2. Once this
equation is solved for m_, we have

9.2) m=I+Crm_(v—01=I1+C,m_.

It is easily checked that m, = m_v by using the identity Cj — Cp = I; see [41].
To obtain estimates with respect to external parameters, in most cases we need to
have the bound

93) |1 =C)™ oy = ¢

uniformly with respect to the external parameters involved. Here I3 © denotes the
Banach algebra of the bounded operators acting on the Banach space B. We will
use the formula

9.4) m_—1=-C)7'C,I,

which is easily derived from (9.1).
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O]

Fur

FIGURE 9.1. RHP P,

Construction of the Parametrix near %

In order to construct m@P) near &, we set m®P = A(z)m™?(z), where a
2 x 2 matrix function A(z) satisfies the RHP P4):

A@m™ @) = (A@m™Y(2)_VP(2), zeT4,

9.5)
A(z) > 1 asz— o0,

see Figure 9.1. Here 'y = [§ — 8, § + 4]
Since m™°Y (z) is analytic near £, the jump condition of A(z) becomes

(9.6) A(x)s+ = A(zx)_vs where vy = m ™)V ()m™D ()7, zeTly.
The jump matrix V® and hence also the jump matrix v, have the form
9.7) V@ v =1+ O(e_c‘z_%‘/s) ase — 0

for some ¢ > 0 uniformly in a neighborhood of 4 that does not depend on &.
Equation (9.7) follows from (2.15)—(2.16) and (4.66)—(4.67).

THEOREM 9.1 There exists a solution A(z) to the RHP PV satisfying the estimate

IA = IllLe(r, ) = O(e), where 1,3 is a circle centered at 5 with radius 23.
PROOF: Equation (9.1) applied to the RHP P4 becomes

9.8) A_=1+Cr, A (va—1).

Once this equation is solved for A_ (we show existence below), (9.2) becomes

9.9) A=1+Cr,A_(vu—1)=1+C,A_.

We retain the notation C, instead of the more consistent C,, to avoid more sub-
indexing.

One sees directly from Schwarz symmetry that the jump matrix v, (z) is positive
definite for z € T'4. Indeed, in (9.6) V@ is positive definite and m ™Y (z) is unitary
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on I'4; the latter follows from the fact that V™9 is unitary on ¥ ™°% and the RHP
P ™Y hag a unique solution. By [41], we have the a priori bound

}\max + 1 + \/(}\max + 1)2 - 4)¥min

-1
(9.10) ”(1 —-C H L2T )0 — 2 min ’
where
Amin = €SS inrf {minimal eigenvalue of v(z)}
zelp
and
Amax = €ss sup {maximal eigenvalue of v(z)}.
zela
Thus we only need to show that
9.11) loi'l . < e

for some ¢, independent of ¢ and also independent of x, ¢, and pu, etc.
Since m ™9 (z) is unitary for z € I'y, (9.11) is equivalent to

9.12)

el =
”U FA L _'Cz

for some ¢, > 0. But this is obvious from the expression of v4. This proves the
existence of A(z).
We now estimate A(z) on the circle r,>. According to (9.9),

9.13) A(z)_1+—/A (()(vA(é“)—I)dé“’ ceru.

-z
Since | — z| > 6,

914) A = Tlzxgn < 5== (1A= = Tl 20, lva = T2y + llva = Tl ry))

)
for some c. The form (9.6) of v, yields
(9.15) lva = Ilae,y = 0EY?), llva =Tl = 0@).

Thus, using (9.4),
IA- = T2,y < 1A= C) e 1C, Tlz2r,
< IVa =T, = 0.
Finally, by (9.14),
9.16) 1A = Illzx,, = O() .

This is the required estimate. g

PROOF OF THE MAIN ESTIMATE (2.37): The introduction of m©™ peels off
the matrix m@P from the RHP P®. The matrix m©™ solves the RHP P©™ that
has a jump uniformly close to 7 as & — 0 on X ©™; see Figure 2.11. Therefore [41]

(9.17) |1 =Cyve)!| oy <3
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for some c3 and for ¢ small enough. In the complement of the three circles ry,, 7,
and |z — 5| = & centered at o, @, and %, respectively, we obtain

([VED — Illr <cse™/®, 1< p < oo, forsome cy,cs > 0.
On the circles r,, rg,, and r,, 2, we have
(9.18) [VED — Iy =0(@), 1<p=<oo.
Using (9.4), we obtain
.19 [ =1 2 = [ = Cyem) ™ 2y ICyen 2
< cllVE =1l = O(e)

for some ¢g > 0.
Now we are ready to estimate (m(le”) — 1)1, the (12)-entry of the matrix mge") —
I defined by the expansion which, as mentioned earlier, is the error term. Using

(2.37) and (9.2), we obtain

e = / mEP @V (@) - Dde
Tl

3 (err)

Therefore,
(9.20)
completes the proof of estimate (2.37) and, thus, of (1.12). O

m| < c(ImS =12 [VED — 1|2 +IVED —T]|1) = O(e)

Appendix A: Riemann-Hilbert Formalism
for the Inverse Scattering Problem

We consider a Zakharov-Shabat system
(A1) ieW = (? q) W,
q -z
where a function ¢ (x) bounded on R is called a potential and z € C is called a
spectral parameter. This system has the following symmetry R: W is a solution

for (A.1) with some z € C if and only if W = io, W is a solution for (A.1) with z.
This fact can be easily verified. Here and henceforth

0 1 0 —i 1 0
01:10’0221'0’6320—1’

denote the corresponding Pauli matrices.
Suppose now that the potential g is a continuous function that approaches 0 as
x — Fo00. We introduce a pair of Jost solutions W and & by asymptotic conditions

(A2) W, ~Col(1,0)e™ s, W, ~Col(0, )e's, asx — oo, z €R,
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and

(A3) @, ~ Col(1,0)e s, ®&y~ Col(0, e, asx — —o0, z €R.

Jost solutions ¥ and & are fundamental solutions to (A.1), which are uniquely
defined by (A.2) and (A.3), respectively. Note that

(A.4) d(x,7) = —Dy(x,7) and Do(x,z) = D(x, 7).

Similar relations take place for the Jost solution W.
Let &, = aV¥, + bW¥,, where the coefficients a and b depend on z and ¢. Then

(A.5) 2<I>1(x,z) =\I'1(x,z)+§\llz(x,z).

The ratio r = s is called a reflection coefficient, whereas % is called a transmission

coefficient in scattering theory. Roughly speaking, the objective of the inverse
scattering problem is to reconstruct the potential ¢ through the reflection coefficient
r. Note that the change ¢ — —¢q implies r — —r. Indeed, ¢ — —g implies
W + o3 W for an arbitrary solution W to (A.1), so that r — —r follows from
(A.2), (A.3), and (A.5).

Applying to the latter equation the symmetry operation R and taking into ac-
count (A.4), we obtain

1.
(A.6) ECDZ(x,Z) =71V (x,2) + ¥r(x,2).

Consider now the matrices M, = (%, U,) and M_ = (¥, %), defined for
z € R in the upper and lower half-planes, respectively. Then, for z € R, we obtain
M, = M_W, where the so-called jump matrix W is determined by

0]
M, = (71, ‘1’2> = (V| +r¥y, ¥,)
’7
1

Note that both My are fundamental solutions of (A.1). It is easy to check that (1)

the matrix m = M exp(—%xog) satisfies the differential equation

2
— (U1, W, — 7)) (1 i ) — MW,

X

. d 0
(A.7) led—m=z[03,m]+(q_ q)m,

and (2) the jump matrix for m on the line Iz = 0 is

14 |r]> re 2%
re?s 1 ’

(A.8) V= (

The inverse scattering problem can be viewed now as the RH problem for the
matrix function m, i.e., the problem of reconstructing the matrices m and m_,
which are analytic and analytically invertible in z in the upper and lower half-
planes, respectively, that satisfy the jump condition with the jump matrix (A.8)
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on the real line and that are normalized by lim, ,,,m+ = I, where I denotes
the identity matrix. Indeed, if m is the solution to the above RH problem, then
m=1+4 % + O(z7?) is analytic at infinity. Substituting this expression into
(A.7), we obtain

(A.9) qg=—-2(mpr2,

where the notation (m);; stands for the (ij)—entry of the matrix m.

It is well-known that if the potential go(x, ¢, €) evolves in ¢ according to the
NLS of our interest, then the evolution of the reflection coefficient is given by
r(t) =r(0) exp(“’%’). So, to reconstruct ¢ = go(x, t, €), we have to solve the RH
problem

~12 ~%
(A.10) m,=m_ (1 +F|r| ’1) —m_V,

where ¥ = r exp((“’%;’ + ZiZTx), r = r(0), and 7*(z) denotes the function that is
complex conjugate to 7(z) for z € R. The upper half-plane is the positive side.
This is the original problem.

Appendix B: Asymptotic Properties of the Reflection Coefficient

The singularities of the reflection r ) (z) in the upper half-plane are simple poles
located at the points wy —w =kand w — 1 — w; — w_ = j, where k and j are
nonnegative integers [33]. Taking into account (1.7), these equations lead to two
strings of e-spaced poles

(B.1) zk=i[,/1—%2—s(k+%)], zj=%+ie(j+%>.

The string z; consists of “nonsoliton” poles. The string z; determines the standard,
or “soliton,” poles of the reflection coefficient. They are present in the upper half-
plane only if 1 < 2.

In order to use the Stirling formula to obtain the asymptotic expansion of the
reflection coefficient as ¢ — 0, we have to exclude the regions on the complex
upper half-plane, where the Stirling formula is not valid. It is easy to see that, in
our case, there are two such regions D ;: the region D is the union of a small
half-disk around 4, lying in the upper half-plane, and a narrow sector, centered at
%, and containing all the poles z;; the region D, (which is nonempty only in the
case . < 2) is the union of a small disk around 7' and the part of a narrow sector,
centered at T, containing all the poles z; lying in the upper half-plane.

Let S = §;US,, where S and S, are parts of the upper half-plane to the left and
to the right of the region D,, where S; does not contain D;; see Figure B.1. It is
easy to see that all the gamma functions in (1.6) have uniform Stirling asymptotic
expansions in S.
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%o @ 0000 0 0

=
=
)

FIGURE B.1. Regions of Stirling asymptotics.

We assume that all the gamma functions in r¥ (z) are defined in S;. All of them
but I'(1 — w + w4 + w_) have analytic continuation to the rest of § through the
ray Rz = 5§, whereas I'(1 — w 4+ w4 + w_) has analytic continuation below this
ray.

LEMMA B.1 The function f(z,¢€) = %is Inr©(z) has asymptotics

(B.2) ﬂaw=5%@+%ahmnﬁ+owx £—0,

uniformly in S, where

uw i w +T
é%mz(g—ofg+mg~aﬂ+zz In(z + T)

- T
=T —Tanh ' — + B2 irzes,
u/2 2
B3) f (z)=(5—z)[7+ln(z—5)]+ —InG+7)
z—T -1 T 2 .
+ In(z—T)—Ttanh™ — 4+ —In2 ifz €S,

w2 2

0) __i 5Z 1 _

Here we take the standard branches of all logarithms; i.e., the logarithms are real
when their arguments are positive.
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PROOF: By definition,

f@w):%ﬁhr®@)

o : rlyip_n
:E{—E+ln8—ﬂln2+ln (? f( i))
2 2 € I'GG—:z—3)

+in [r(% -G+ n)r(5 - ‘- T))]
- )

where 3z > 0. To determine the asymptotics of f, we will make use of the Stirling
formula

(B.4)

(B.5) mr@y:@—J)ms—s+lm@ny+i—+ouﬂ)
‘ 2 2 125

ass — oo, |largs| < mw,

which is valid in any sector |arg s| < m of the complex s-plane.

Let us denote as Inr;, j = 1,2, 3, the last three logarithmic terms in (B.4).
Direct application of the Stirling formula to Inr;, j = 1, 2, 3, yields

wo )Gt eD))en(ai9) 2

ie
6(z — %)

i r i i€
Inry ~ _E(Z +7) _ln (—g(z + T)> +in (1 * m)}

Le—D|n(=tc—1))+m (1 i
_E(Z_ )[H(—E(Z_ )>+ Il( +m):|

iz iez
2— —1+1In2 _—
+ . +-n(ﬂ)+—6&2__T%

—ma~£(%+T)m(€<%+TD
()

1 w? 5 i in ieu
“m(E o7 1<_»______
—i—2n(4 )—i—n

El

(B.6)

with the accuracy of O (&?).
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It is now easy to check that Inr, and Inr; have, correspondingly, 0 and —%’
constant terms in the ¢ expansion. Substituting (B.6) into (B.4), we see after some
algebra that all terms containing In ¢ cancel each other and we obtain

f(z’g):(%—Z)[%-l-ln(%—z)]—I—Z-;Tln(z—i—T)

(B.7) T G = T) = Tranh™ —— vz — 2422
' w/2
2
7 T ) 5z 1 3
—In2+4+ —e — — — I9)
+ 2+ e 24[Z2_T2+Z_% M]+ (e”)

as ¢ — O uniformly in S, where the O (&%) part has asymptotic expansion in powers
of ¢ starting with 3. The proof is complete. g

COROLLARY B.2 On the real z-axis, |r'¥) ()| is exponentially growing on (—%, %
and exponentially decaying on (—oo, —5) U (5, 00) as ¢ — 0. The growth and
decay are uniform away from some neighborhoods of the points :I:%.

PROOF: Since [r®(z)] = e 2:3/G#) | the growth or decay of |r©(z)| is deter-
mined by the sign of I f(z, ¢). According to (B.2),

2 2 2 2

when z € R. Note that JIn(z> — T7?) = 0ifz > T when u > 2 and if z > 0
when u < 2, and JIn(z> = T?) = 27 ifz < —T when u > 2 andif z < 0
when u < 2. If 7 € (=T, T), then JIn(z*> — T?) = — when u > 2. According
to the remark about the analytic continuation of gamma functions, the In(§ — 2)
term in (B.2) is real for all real z # 4. Combining these observations, we get
S fo(z) = (% —z)% ifz > T when u > 2 andif z > 0 when u < 2; I fo(z) =
5 -5 +nz=(5+27%ifz < —T whenu > 2andif z < 0 when u < 2.
Ifz € (=T,T)thenJfo(z) = (5 —2)5 + 5z = 5% when u > 2. As we see, in

(B.8) If(z,8) = (ﬁ - z>|:i£ +3In (E - z):| + 53R — ) + 0

22
all cases 3 fo(z) > 0 on (—%, §) and negative if |z| > 4, z € R. Thus, [r©@(z)| is
exponentially growing on (=%, 5) and exponentially decreasing outside [—%, 51.
The corollary is proven. t

Remark B.3. It is easy to see that
FG—t@+MIG - {c-T1)

& &

LT = 5T (LT +5)

In the case || > 2, i.e., in the no-solitons case, there is a simple way to analyze
the behavior of |r®(z)| on R. Indeed, we can use the well-known properties of the
gamma function (see, e.g., section 8.332 in [21]) to evaluate

cosh(Z”TT) — cosh( £)

cosh(z’TTT) + cosh(2r %)

(B.9) Ir(z,e)| =¢

1
2

(B.10) Ir(z,8)| = }
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FIGURE C.1. Deformation of the contour.
According to this estimate, |r(z, )| grows exponentially in é as ¢ — 07 when
|z| < |5 and decreases exponentially when |z] > |5].

Remark B.4. The conclusion of the lemma is also valid for u = 0. It is interesting,
however, to consider th¢ behavior of @ at z = 0. In the case u = 0 we have
a:—ﬂ:é,y:%—%,sothat
r¢-Hra+1 in
G 51) (21 ) = tanh — .
r(=hrd) E

(B.11) r(0, &) = —ie

As we see, r(0, ¢) is singular when ¢ = m, k € N.

Appendix C: Calculations of Equations (4.2)

To compute the integrals (4.2) we deform the contour of integration as shown
on Figure C.1.

If f(Z) = f(z) for all z, then both f'(z) and zf’(z) possess this property. Thus,
for any such function f,

“F(©0) 5T - f©)
d — - d
RO T R
(C.1) I [ . dp 5[ (x0)]dx }
=2 N + —
l[/o flatip) Vb* — B2 a b2 + (x —a)?

=0

where @« = a +ib and ¢ = a + i for the first integral. Therefore, the system (4.2)
can be written as

UL e,

where the function ¢ is substituted for both f’(z) and zf”(z).

b
(C2) fo Re(a + i) Spa +8)
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Note that
o~ / T o~ / T
(C.3) Uf(a+§)=§, fxﬁ(a+5)f(a+€)=5(a+5)-

Since 3 In(z? + 1 — "Tz) = 3[In(z — T) 4 In(z + T)], we obtain

Nf'(a+ip) = %(m [(a —T)*+ B*]+In[(a+T)" + B

—%1n|i<%—a)2+,32)}—4ta—x,
a

Na+ip)f'a+ip) = (In[(a =T’ + B*] +In[(a + T)* + B])

(C4)
—é|:tanli+tan1 p i|
2 a—T a+T
a 2 2
—Eln((l—a) + B7)
—,Btan_lﬂ'B +%—4t(a2—/32)—ax,
L —qg

2
where the fact that i[z Inz] = Rzln |z| — Jz arg z is used for the latter expression.
Computations of the integrals of (C.3) yield

~ / S f@+E)dE 7 (27 dE
0

rre 2k Jrre
(C.5) - %m (& +VE+02)|2

2
:%[m(%—wr (%—a) +b2> —lnb]

B /- Sl(a +§) f'(a +§)1dE
0 Jh &2
T (a + §)dE

and

NSRS

[ / g [ gds ]
L 0 /b2 + %—2 0 /b2 + %—2
[VB? + & +alnE + V&> + b))

(% —a) 2

-—I-aln((%—a)—k (%—a>2+b2) —b—alnb].

(SN I SR I Y
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In order to compute the integrals of (C.4), we recall that

b a8 m
=sin —| =—,
/b2 — B2 b, 2
b Bdp J—”
—E -/ —p2 =b,
0 /b2 —p2 0
bﬂzi:_é ﬁ2+ —lﬂ 7T_b2
o Vb2 — B2 2 2° bl, 4
bln(K2+ﬂ2)d [ B=0bt
0 /b2 — B2 p= dp = bdt
_/1 In K%+ In(1 + £1) "
o V1 —1¢2
2
(C.6) Pn(l + 2517)
—ahK+ | ——K " ar
0o A1 =12
1+,/1+ 5
:7rlnl{+yrlnfl(2
K + VK2 +b2
=nln % (see [21], sec. 4.295.38),
b B arctan K Vb2 2
Puctn B ap = Vo7 — 5 +K/ b
0 /b?—pB? + K°B
2/ V1 —1t2dt
— Kb
1+ (K262)12

T 1 1
=—|,/p?4+— ——|.
2[ +K2 K]

So, the computation of the integral for the first equation in (C.4) yields

al a—T++/(a—T)>>+ b? a+T++/(a+T)?+ b2
—|In + In
2 2
- 5—a+ /(5—-a)+b?
——[ln
2

(C.7)

4
2

+x+4ta]
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Substituting this together with the first integral from (C.5) into (C.2) yields

(C8 Ila—T+V@—TP+b]+In[a+T+(@+T)>+b]=
2[Inb + x + 4ta].

The computation of the integral for the second equation in (C.4) yields

%(ln[a—TJr @—TY+b|+Infa+T+V(@+T)+b]
Iz roN?
2[5 —a+y/(5-0) “’2])

—%[\/(a—T)2+b2+\/(a+T)2+b2—2,/(%—a)2+b2—u:|

T 2
+§[b—a(x+4ta)+2tb ].

(C.9)

Substituting this together with the second integral from (C.5) into (C.2) yields
alnfa—T+(@—T2+b*]+aln[a+T ++/(a+T)+b]

€100 —[V@—T2+0+V(@+T72+b—p]

= 2a(x + 4ta) — 4tb*.
Combining (C.8) and (C.10), we get the system
Va—=T) 4+ b2+ /(a+T)*+b? =+ 4tb?

[a—T+V@—TY+0[a+T +(a+T)2+b2] = pre2t4a),

In the particular case u = 2, this system becomes
Va2 +b? =1+ 2tb?
a+ +a?+ b? = beTHY,

(C.11)

(C.12)
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